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The paper deals with particular classes of q x q matrix-valued functions 
which are holomorphic in C \ [a, -Too), where a is an arbitrary real number. 
These classes are generalizations of classes of holomorphic complex-valued 
functions studied by Kats and Krein m and by Krein and Nudelman m- 
The functions are closely related to truncated matricial Stieitjes problems on 
the interval [a, -Too). Characterizations of these classes via integral represen¬ 
tations are presented. Particular emphasis is placed on the discussion of the 
Moore-Penrose inverse of these matrix-valued functions. 


1. Introduction 

In their papers PT1IT31IT1]. the authors developed a simultaneous approach to the even and 
odd truncated matricial Hamburger moment problems. This approach was based on three 
cornerstones. One of them, namely the paper m is devoted to several functiontheoreti- 
cal aspects concerning special subclasses of matrix-valued Herglotz-Nevanlinna functions. 
Now we are going to work out a similar simultaneous approach to the even and odd trun¬ 
cated matricial Stieitjes moment problems. Our approach is again subdivided into three 
steps. This paper is concerned with the hrst step which is aimed at a closer analysis of 
several classes of holomorphic matrix-valued functions in the complex plane which turn 
out to be closely related to Stieitjes type matrix moment problems. In the scalar case, the 
corresponding classes were carefully studied by Kats/Krein m and Krein/Nudelman |19[ 
Appendix]. What concerns the treatment of several matricial and operatorial generaliza¬ 
tions, we refer the reader to the monograph Arlinskii/Belyi/Tsekanovskii jT| and the 
references therein. 
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1. Introduction 


In order to give a precise formulation of the matricial moment problem standing in the 
background of our investigations, we introduce some notation. Throughout this paper, let 
p and q be positive integers. Let C and M be the set of all complex numbers and the set of 
all real numbers, respectively. Furthermore, let Nq and N be the set of all non-negative 
integers and the set of all positive integers, respectively. Further, for every choice of 
a, /3 € M U {— oo, -|-oo}, let be the set of all integers k for which a <k < (5 holds. If 
df is a non-empty set, then let be the set of all p x g matrices each entry of which 

belongs to ff, and is short for The notations and stand for 

the subsets of which are formed by the sets of Hermitian, non-negative Hermitian, 
and positive Hermitian matrices, respectively. If (H, 21) is a measurable space, then each 
countably additive mapping whose domain is 21 and whose values belong to is called 
a non-negative Hermitian q x q measure on (H, 21). Let IBk (resp. IBc) be the c-algebra of 
all Borel subsets of M (resp. C). For each H G iBR\{0}, let IBn := IBRnH, and let A1>(H) 
be the set of all non-negative Hermitian qx q measures on (0,25^). Furthermore, for 
each H G IBr \ {0} and every k G Nq U {-|-oo}, let M.% k(^) ^ ^ 7\4>(H) 

such that the integral '■= f^Pa(dt) exists for all j G Zo,k- In this paper, for an 
arbitrarily fixed a G M, we study classes of q x q matrix-valued functions which are 
holomorphic in C \ [a,-|-oo). These classes turn out to be closely related via Stieltjes 
transform with the following truncated matricial Stieltjes type moment problem: 

M[[q;, -|-oo); (s^O^Lq, =] Let a G M, let m G Nq, and let (sj)^Q be a sequence of complex 

q X q matrices. Describe the set -|-oo); (sj)^O’ ~] a G +oo)) 

for which = Sj is fulfilled for each j G Zo,m- 

In a forthcoming paper, we will indicate how classes of holomorphic functions studied in 
this paper can be used to parametrize the set Ad>[[a, -|-oo); (sj)JLg, =]. 

This paper is organized as follows. In Section El we introduce several classes of holo¬ 
morphic q X q matrix-valued functions. A particular important role will be played by 
the class of [a, -|-oo)-Stieltjes functions of order q, which was considered in the 

special case q = 1 and a = 0 by 1. S. Kats and M. G. Krein in m (see Def. 12.11) . In Sec¬ 
tion |3l we derive several integral representations for functions belonging to _|_cx 3 ) (see 
Theorems 13.11 and ESI. Furthermore we analyse the structure of ranges and null spaces 
of the values of functions belonging to (see Prop. 13.151) . In Section IS we state 

characterizations of the membership of a function to the class >Sg.[Q^+oo)- Iii Section El we 
investigate the subclass >So^q;[a,+oo) (see Notation 12.71 below! of >Sg.[Q^+oo)' It is shown in 
Thm. 15. II that this class is formed exactly by those q x q matrix-valued functions defined 
in C \ [a, -|-oo) which can be written as Stieltjes transform of a non-negative Hermitian 
qx q measure defined on the Borelian fi-algebra of the interval [a,-t-oo). In Section El 
we investigate the Moore-Penrose inverses of the functions belonging to In 

particular, we show that the Moore-Penrose inverse of a function F G <Sq.[Q,^+oo) is 
holomorphic in C \ [a,-|-oo) and that the function G: C \ [a,-|-oo) —> defined by 

G{z) := —{z — a)“^[F(z)]i belongs to as well (see Thm. 16.3p . The second 

main theme of Section El is concerned with the investigation of the class (see 

Notation 16.51) . which was considered in the special case q = 1 and a = 0 by 1. S. Kats 
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2. On several classes of holomorphic matrix-valued functions 


and M. G. Krein in HZ]. The main result on the class is Thm. 16.101 which 

contains an integral representation which is even new for the case q = 1 and a = 0. 
The application of Thm. 16.101 enables us to obtain much information about ranges, null 
spaces and Moore-Penrose inverses of the functions belonging to the class (see 

Prop. 16.141 and Thm. I6.18p . In the remaining sections of this paper, we carry out cor¬ 
responding investigations for dual classes of q x q matrix-valued functions which are 
related to an interval (—oo, j3]. These classes occur in the treatment of a matrix moment 
problem M[(— oo,/?]; (sj)^Q, =], which is analogous to Problem M[[a, -|-oo); (sj)^Q, =] 
formulated above. In Appendix we summarize some facts from the integration theory 
with respect to non-negative Hermitian qx q measures. 

2. On several classes of holomorphic matrix-valued functions 

In this section, we introduce those classes of holomorphic q x q matrix-valued functions 
which form the central objects of this paper. For each A G let Re A := ^{A-\- A*) 

and Im A := ^(A — A*) be the real part of A and the imaginary part of A, respectively. 
Let n-|_ := {z € C: Imz > 0} and n_ := {z G C: Imz < 0} be the open upper 
half plane and open lower half plane of C, respectively. The hrst two dual classes of 
holomorphic matrix-valued functions, which are particularly important for this paper, 
are the following. 

Definition 2.1. Let a G M and let F: C\ [a,-|-oo) —)• Then F is called a 

[a, +oo)-Stieltjes function of order q if F satishes the following three conditions: 

(I) T is holomorphic in C \ [a, -|-oo). 

(II) For all w G 11+, the matrix Im[T(t(;)] is non-negative Hermitian. 

(Ill) For all w G (—oo,a), the matrix F{w) is non-negative Hermitian. 

We denote by iSg.jQ, +oo) the set of all [a,-|-oo)-Stieltjes functions of order q. 

Example 2.2. Let a G M and let A,B ^ Let F: C \ [a,-|-oo) —>■ be dehned 

by F{z) '■= A-\- Since lmF{z) = holds true for each 2 G C \ [a, -|-cxd), we 

|q;—2:| 

have F G _|_qo^. 

Definition 2.3. Let /3 G M and let G'. C \ (—oo,/3] ^ Then G is called a 

{—oo,j3]-Stieltjes funetion of order q if G fulfills the following three conditions: 

(I) G is holomorphic in C \ (— 00 , f3]. 

(H) For all w G n+, the matrix Im[G(r(;)] is non-negative Hermitian. 

(HI) For all w G (/3,-|-oo), the matrix —G{w) is non-negative Hermitian. 

We denote by <Sg.(_oo,/ 3 ] the set of all (— 00 ,/3]-Stieltjes functions of order q. 
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2. On several classes of holomorphic matrix-valued functions 


Example 2.4. Let /3 G M and let A,B^ C'^^. Let G: C\ (— 00 , j3] —)■ be defined by 

G{z) := —A + Since lmG{z) = holds true for each z € C \ (—oo,/3], we 

have G G 5g;(_oo,/3]- 

The particular functions belonging to the class 5q.[Q,^_|_oo) resp. 5q.(_oo,/3]) which were 
introduced in Example 12.21 (resp. Example 12.41) . were called by V. E. Katsnelson |18) 
special functions belonging to <Sg.[Q^+oo) (resp. 5q.(_oo,/3]), whereas all remaining func¬ 
tions contained in Sq.[a,+oo) (resp. <Sg.(_oo,/3]) were called generic functions belonging to 
‘5g;[a,+oo) (resp. <Sg.(_oo,/ 3 ])- In the case q = 1 and a = 0 the general theory of mul¬ 
tiplicative representations of functions belonging to 5i.[o,+oo) ^ns treated in detail by 
Aronszajn/Donoghue |2]. 

It should be mentioned that Yu. M. Dyukarev and V. E. Katsnelson studied in EHS] 
an interpolation problem for functions belonging to the class <Sg.(_oo o]- Their approach 
was based on V. P. Potapov’s method of fundamental matrix inequalities. V. E. Katsnel¬ 
son jl8] used the class iSi.(_oo,o] lo construct Hurwitz stable entire functions. 

First more or less obvious interrelations between the above introduced classes of func¬ 
tions can be described by the following result. For each a G M, let the mapping 
Tq, : M ^ M be defined by Ta{x) := x a. If <T, y, and Z are non-empty sets with 
2 C Y and if /: Y —>■ T is a mapping, then we will use Rstr^ / to denote the restriction 
of / onto Z. 

Remark 2.5. (a) If a G M and if T: C \ [a, -|-oo) —>■ then F belongs to 

if and only if the function F o Rstrc\[Q^^oo) belongs to the class 5q.[o_+oo)- 

(b) If a G M and if F: C \ [0,-t- 00 ) —>■ then F G 5g.[o^+oo) if and only if F o 

Rstr([;;yQ,^_|_OQ^ r_Q, G 

Remark 2.6. (a) If /3 G M and if G: C \ (—oo,/3] —>■ then G belongs to 

if and only if the function G o Rstrc\(_oo g] belongs to the class 5g.(_oo,o]' 

(b) If /3 G M and if G: C \ (—oo,0] —>■ then F G 5g.(_oo,o] if and only if F o 

Rstr£\^^_g(3^^J T_l^ G 

Now we introduce particular subclasses of and <Sg.(_oo , 3 ], which will turn 

out to be important in studying matricial versions of the Stieltjes moment problem. If 
A G then we denote by ||A||e := ■\/ir{A*A) the Euclidean norm of A. Special 

attention will be put in the sequel also to the following subclasses of the classes of 
holomorphic matrix-valued functions introduced in Definitions 12.11 and 12.31 

Notation 2.7. Let a G M. Then let 5o^q.[Q^_|_oo) be the class of all S which belong to 
_|_oo) and which satisfy 

sup y||5(iy)||E <+ 00 . (2.1) 

?/e[i,+oo) 

Furthermore, let >So^g.(_oo,a] be the class of all S G 5q.(_oo,a] which satisfy m- 
Remark 2.8. Let a G M. If S G or if S' G <So q,], then Iimj^_>.+oo 5'(i2/) = 

Oqxq- 
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2. On several classes of holomorphic matrix-valued functions 


Rem. 12.81 leads us to the following classes, which will play an important role in the 
framework of a truncated matricial Stieltjes moment problems. 

Notation 2.9. Let a G M. Then by ^ (resp. S'^, i) we denote the set of all 

g;[Q;,+oo) '' ^ g';(— od,qJ^ 

F € <Sg.[„_+oo) (resp. which satisfy lim^^+oo-^(iy) = Ogxg- 

Remark 2.10. If a € M, then Rem. 12.81 shows that <So^g;[Q,^+oo) F and 


‘5o,q;(-oo,a] ^ ‘^g;(-oo,a]- 
Remark 2.11. Let a € M and let 



Then F G 5 if and only if G S. 

Remark 2.12. (a) Let a G M and let F: C\ [a,+oo) —>■ be a matrix-valued 

function. Then it is readily checked that F belongs to one of the classes <Sg.[Q^+oo), 
‘5o,g;[o,+oo)) ^-rid If and only if for each tt G the function u*Fu belongs 

to the corresponding classes ‘5o,i;[a,+oo); and respectively. 

(b) Let /3 G K and let G: C \ (—oo,/3] —>■ be a matrix-valued function. Then 

it is readily checked that G belongs to one of the classes iSq.(_oo,/ 3 ], ‘5o,g;(-oo,/3]) 
and if and only if for each u G the function u*Gu belongs to the 

corresponding classes <So,i;(_oo,/ 3 ], and respectively. 

In order to get integral representations and other useful information about the one¬ 
sided Stieltjes functions of order q, we exploit the fact that these classes of functions 
can be embedded via restriction to the upper half plane n_|_ to the well-studied Herglotz- 
Nevanlinna class Fg(n+) of all Herglotz-Nevanlinna functions in 11+. A matrix-valued 
function F: 11+ —is called a q x q Herglotz-Nevanlinna function in 11+ if F is 
holomorphic in 11+ and satisfies the condition Im[F(tc)] G for all w G 11+. For 

a comprehensive study on the class Fq(n+), we refer the reader to the paper |16) by 
F. Gesztesy and E. R. Tsekanovskii and to the paper m. In particular, in in one 
can find a detailed discussion of the holomorphicity properties of the Moore-Penrose 
pseudoinverse of matrix-valued Herglotz-Nevanlinna functions. Before we recall the well- 
known characterization of the class Fq(n+) via Nevanlinna parametrization, we observe 
that, for each n G Ad + (M) and each z G C \ M, the function /i^ : M — ?> C defined by 
hzit) := (1 -|- tz)/{t — z) belongs to IBk, n; C). 

Theorem 2.13. (a) Let F G Fg(n+). Then there are unique matrices A G and 

B G and a unique non-negative Hermitian measure v G A1+(M) such that 



for each z G n+. (2-2) 


(b) If A e C^'^, if B e and if u € then F:U+^ defined by 

()2.2I) belongs to the class Fg(n+). 
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2. On several classes of holomorphic matrix-valued functions 


For each F G 7Zg(Il^), the unique triple x x for which 

the representation (12.2p holds true is called the Nevanlinna parametrization of F and we 
will also write {Ap^Bp^vp) for {A,B,p). 

Remark 2.14. Let F G TZqilip) with Nevanlinna parametrization {Ap, Bp, Pp). Then it is 
immediately seen that F'^ belongs to 7^g(n+) and that [ApT, BpT, Vpr) = (Aj^, Bp, Pp). 

Remark 2.15. Let F G TZqiJip) with Nevanlinna parametrization {A,B,p). In view of 
Thm. 12.131 we have then —z G II-i. and 

— [F(—z)]* = —A + zB + f -i/(dt) = —A + zB + f — — — 9{dt) 

Jr —t — z Jr t z 

for all z G n_|_, where 9 is the image measure of p under the reflection t i—)■ — t on M. 
Because of — A G and B G Thm. 12.131 yields then that G: 11+ ^ defined 
by G(z) := —[T(—z)]* belongs to TZqiJlp) and that the Nevanlinna parametrization of 
G is given by {—A, B, 9). 

From Definitions 12.11 and 12.31 we see immediately that {Rstrn+T: F G <5g;[o^+oo)} ^ 
TZqilip) and {Rstrn+Gi G G >Sg.(_oo^^]} C TZqilip). Now we analyse the Nevanlinna 
parametrizations of the restrictions on 11+ of the members of these classes of functions. 

Proposition 2.16. Let a G M and let F G 5g.[„^+oo). Then the Nevanlinna parametriza¬ 
tion [A, B, p) of Rstrn+ F fulfills 

p{{-oo,a)) = Oqxq, B = Oqxq, and j/GA4|_i(K). (2.3) 

In particular, for each z G C \ [a, +oo), then 

F{z) = A+ [ ^-^p{dt). (2.4) 

J [q,+oo) ^ 

Proof. From [3] Prop. 8.3] and its proof we obtain z/((—cx),a)) = Oqxq and 

F{z) = A + zB+ f ^ p{dt) (2.5) 

J [q!, + 00) ^ 

for all z G C \ [a, +oc). Let u G C^. Then G and (12.51) yields 

f 1 “1“ tx 

u*F{x)u = u*Au +xu*Bu+ / - {u*pu){dt) (2.6) 

J [a,+cxD) ^ ® 

for all X G (— 00 , a). Let oi := min{a — 1, —1} and 02 := max{a + 1,1}. Since F{x) G 
C+ for all x G (—oo,ai), and furthermore (1 + tx)/(t — x) < 0 for all x G (— 00 , 01 ) 
and all t G ( 02 ; + 00 )) we conclude from (|2.6I) then 

f 1 “1“ tx 

—xu*Bu<u*Au+ / - {u* pu){dt) 

J [q:,«2] t ~ ^ 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


for all X € (—oo, ai). One can easily check that there exists a constant L^. G M depending 
only on a such that |(1 +tx)/{t — x)| < Lq, for all x G (— 00 ,ai) and all t G [a,a 2 ]- For 
all X G (—oo,ai), hence 



1 + tx 

t — X 


{u*r'u){dt) 


< La ■ {u*i'u){[a,a 2 ]) < + 00 . 


(2.7) 


Setting K := u*Au + La ■ {u*iyu){[a, 02 ]), we get then —xu*Bu < K < + 00 . In view of 
B G we have u*Bu > 0, where u*Bu > 0 is impossible, since —xu*Bu would then 

tend to +00 as x tends to — 00 . Thus, u*Bu = 0. Since tt G was arbitrarily chosen, we 
get B = Oqxq and, in view of (|2.5p . thus (|2.4p holds true for all z G C \ [a, + 00 ). Taking 
additionally into account F{x) G for all x G (—oo,q;i), we conclude from (|2.6I) and 
dm furthermore ^^^[—{l + tx)/{t — x)]{u*r'u){dt) < K < +00 for all x G (—oo,ai). 
Now we consider an arbitrary sequence from (—oo,ai) with Yrmn^ooXn = — 00 . 

Then —(1 + tXn)/{t — Xn) > 0 for all n G N and all t G [a 2 ;+oo) and, furthermore, 
\t\ = liminf„_).oo[—(1 +tXn)/{t — Xn)] for all t G [a 2 ,+oo)- The application of Fatou’s 
lemma then yields 

[ \t\{u*i'u){dt) < liminf [ (— ^ ) {u*i'u){dt) < K < + 00 . 

J[a2,+oo) n—>-00 J^a2,+oo)\ t — xj 

Since {u*h'u){{—oo,a)) = 0 and since ^^^\t\{u*i'u){dt) is finite, we conclude then 
Jm.\t\{u*r'u){dt) < + 00 . Because u £ was arbitrarily chosen, we get ly G i(]R). □ 


3. Integral representations for the class <Sg;[a,+oo) 

The main goal of this section is to derive some integral representations for 
[a, +oo)-Stieltjes functions of order q. 

Theorem 3 . 1 . Let a G M and let F: C \ [a, +00) —>■ Then: 

(a) Suppose F G >5g;[Q,,+oo)- Denote by {A,B,iy) the Nevanlinna parametrization of 
Rstrn^ F. Then v := Rstr^j^ v belongs to ^([a, + 00 )) and there is a unique 

pair {C,r]) belonging to x + 00 )) such that 

F{z) = C+j (3.1) 

^[q;,+cxd) ^ 

for all z G C \ [a, +00), namely C = A — tu^dt) and rj = u. Furthermore, 

C = linv^+ 00 -F(a + re*'^) for all cf G (7r/2,37r/2). 

(b) Let C G and let rj G A4f ^([a,+oo)) be such that (13.ip holds true for all 

z G C \ [a, +00). Then F belongs to >Sg.[c,^+oo)- 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


Proof, (jaj) From Prop. 12.161 we conclude u € ^([a,+oo)). Let u G C^. Then 

J[^ j^ca.^t{u*Du){dt) is finite. Obviously, for all z G C and all t G M with t ^ z, we 
get 


1 T tz I f^ 

~t~ t — . 

t — z t — z 


(3.2) 


Thus, in view of Prop. 12.161 we obtain 


L 


[a,+oo) 


1 + P 

t — Z 


{u*Du){dt) < +00 


(3.3) 


and ^ 

u* F {z)u = u* Au + f — — — {u*uu){dt)— f t{u*nu){dt) (3.4) 

d[a,+oo) ^ ^ J[a,+oo) 

for all z G C \ [a,+oo). Since rt G C*? was arbitrarily chosen, it follows (|3.ip for all 
2 ; G C \ [a,+ 00 ) with C '.= A — /[„ _|_oo) V •“ Let cp G (7r/2,37r/2). Then 

cos(j) < 0. To show C = limj._).+c« T(a + re^*^), we consider an arbitrary sequence 
{rn)‘pfhi from R with > l/|cos(/)| for all n G N and lim„_>.oo?’n = + 00 . We have then 
hm„_^(X)(l + t^)/(t — a — VnF^) = 0 for all t G [a, + 00 ). For all n G N and all t G [a, + 00 ), 
we get furthermore 


\t — a — Vne^^l > t — a — rn cos 4> = t — a + r„|cos 4>\>t — a + l>l 


and hence |(l+t^)/(t—a—r„e''^)| < (l+t^)/(t—a+1). Since, because of (13.31) . the integral 
f[a + 00 )+ t‘^)/{t — a + l){u*Du){dt) is finite, the application of Lebesgue’s dominated 
convergence theorem yields hm„_>.oo + 00 ) (1 + t‘^)/{t — a — r^e^*^) {u*vu) (dt) = 0. From 

we conclude then u*Cu = limn^ooU*F{a + rne^^)u. Since u € was arbitrarily 
chosen, we obtain C = hm„_).oo T(q! + VnF'^)- Taking into account F{x) G for all 
X G (— 00 , a), we get with (p = tt \n particular C G 

Now let C G and rj G A4> j^([a,+ 00 )) be such that (13.11) holds true for all 

z G C \ [a, + 00 ). Then y: *Br ^ defined by x{^) '■= ??(Af Pi [a, + 00 )) belongs to 
Ad> ]^(R) and the matrix C + Jjgtx(dt) is Hermitian. Using (|3.2p . we infer from (|3.1I) 
that the integral /g(l + tz)/{t — z)xidt) exists and that 


F{z) = C+ [ tx(dt) + z • Ogxg + / l~^^^ x(dt) 

JR JR ^ ^ 


is fulfilled for all z G 11+. Thm. I2.13l|ai) yields then C + Jjgtx(dt) = A and x = ^- Hence 
r] = i> and C = A- tD{dt). 

(jbl) Let C G and rj G A4> ^([a,+oo)) be such that (13.ip holds true for all z G 

C \ [a,+ 00 ). Using a result on holomorphic dependence of an integral on a complex 
parameter (see, e. g. 13 Ch. IV, §5, Satz 5.8]), we conclude then that T is a matrix¬ 
valued function which is holomorphic in C \ [a, -|-oo). Furthermore, 


imF(^) = f Im( i±LV,(di) = / (i±L)Li£„(di) € cy’ 

-/fcK.+oo) V ^ ^ J Jla.^cxj) \t z\ 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


for all z G n+ and 

F{x) =C+ [ ^-^r/(df) G Cf'' 

for all X G (—00, a). Thus, F belongs to □ 

In the following, if a G M and F G are given, then we will write [Cf^Pf) 

for the unique pair {C,r]) belonging to x Ait, ^([a,+oo)) which fulfills (|3.ip for all 
2; G C \ [a, +00). Furthermore, if A and B are complex q x q matrices, then we write 
A < B or B > A to indicate that the matrices A and B are Hermitian and that B — A 
is non-negative Hermitian. 

Remark 3.2. Let a G M and let F G ‘Sg;[a,+oo)- For all xi,X 2 G {—00,a) with xi < X2, 
then Oqxq < F{xi) < F{x 2 ), by virtue of Thm. 13.1 flail . 

Remark 3.3. Let a G M and let 2 ; G C \ [a, -|-oo). Then, for each p G A4'^{[a, -|-oo)), in 
view of the equation (1 + t — a)/{t — z) = 1 -|- (1 -|- z — a)/{t — z), which holds for each 
t G [a,-|-oo), and Lem. lA.Sflaj) . one can easily see that the function [a,+ 00 ) ^ C 

defined by ha^zit) '■= {I + t — a)/{t — z) belongs to -|-oo), tB[a,+oo)T hi C). 

Lemma 3.4. Let a G M and let F: C\ [a,-|-oo) —?> be a continuous matrix¬ 
valued function such that (ImT)(n_(_) C and (—ImT)(n_) C Then F{x) = 

ReF(x) and ImT(x) = Oqxq for each x G (—00,0;). 

Proof. Let x G (—00,a). Then (ImF(x-|-i/n))^;^ and (—ImT(x — i/n))^;^ are se¬ 
quences of non-negative Hermitian complex q x q matrices which converge to the non¬ 
negative Hermitian complex matrices Im T(x) and — Im T(x), respectively. Consequently, 
ImF(a:) = Oqxq, which implies F{x) = ReF(x). □ 

Lemma 3.5. Let a G M, /et 7 G and let p G +00)) . Let F: C\[a, -|-oo) —>■ 

be defined by 

F{z) = 'y+ f — -p{dt). (3.5) 

^[a,+oo) ^ ^ 

Then 

Re = 7 - 1 - f —— - ^ ft — Ke z)p{dt) (3-6) 

J [q,+oo) — z \ 

and 

ImF( 2 ;) = (Imz) f (3.7) 

J [oj+oo) \t — z\ 

hold true for each 2 ; G C \ [a, -|-oo). In particular, 

(ReF)(C„,_) C Cl'"'', (ImF)(n+) C , and (-ImF)(n_) C 

Furthermore, F{x) = ReT(x) and F{x) G for each x G (—00,0;). 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


Proof. For each z € C \ [a, +oo) and each t € [a, +oo), we have 

l±^')=l±^(i-Re.) (3.8) 

t-z J \t-z\^ 

and lm[{l + t — a)/{t — z)\ = {lTnz){l + t — a)/\t — z'^. Taking into account 7 € thus 

(j3.6l) and (13.71) foiiow for each z € C \ [a, + 00 ). For each z G Cq,^_ and each t G [a, + 00 ), 
the right-hand side of (|3.8I) beiongs to [0,-|-oo). Thus, 7 G and (13.6p show that 

ReF( 2 :) beiongs to for each z G Cq__. Since {l + t — a)/\t — zf G [0,-|-oo) for every 
choice of G C \ [a, -|-oo) and t G [a, -|-oo), from (13.7p we see that ImF(t(;) G for 

each w G n_|_ and — ImT(r;) G for each v G n_ are fuifiiied. Appiying Lem. 13.41 

compietes the proof. □ 



Now we give a further integrai representation of the matrix-vaiued functions which 
beiong to the ciass Sq.[a,+cxy)- Iii the speciai case that q = 1 and a = 0 hoid, one can find 
this resuit in |191 Appendix]. 

Theorem 3.6. Let a G M and let F: C \ [a, -|-cx)) — Then: 

(a) If F G then there are a unique matrix 7 G and a unique non¬ 
negative Hermitian measure p G -|-oo)) such that ( 13 . 51 ) holds true for each 

z G C \ [a, -|-oo). Furthermore, 'y = Cp- 

(b) If there are a matrix 7 G and a non-negative Hermitian measure p G 

A 4 >([a,-|-oo)) such that F can be represented via ( 13 . 5 p for each z G C \ [a,-|-oo), 
then F belongs to the class 

Proof Denote / ;= F o Rstrc\[o,+oo) Ta- 

(|aj) Let F G 5q.[Q__|_oo)- According to Rem. 12.51 the function / beiongs to 5q.[o^+oo)- In 
view of Prop. 12.161 then Rstrn+ / beiongs to IZqfHjf), the Nevaniinna parametrization 
{A,B,u) of Rstrn+/ fuifiiis (|2.3p . and, for each w € C \ [0,-|-oo), we have f{w) = 
A + JjQ +oo)(I — w)r'{dx). Because of (12.3p . the integrai xu{dx) exists 

and the mapping p: ®[o,+oo) given by p{B) := f^(l + x^)/(I + x)r'(dx) is 

weii defined and beiongs to A4>([0,-|-oo)). Setting 7 := A — Jjq xzz(dj;), for each 
U) G C \ [0, -|-oo), we get 


f{w) = A+ [ -x^i/(dx) 

J[0,+oo) \x-w J 

= A- [ xn{dx)+ [ 

-/[0, + CX)) -/[0, + CX)) ^ 

= 7+ / - fi{dx). 

-/[0,+oo) ^ ^ 


1 + x'^ 

1 -|- X 


p{dx) 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


Obviously, g := (Rstr[o,+oo) 2^a)(A) belongs to A^>([q!,+ oo)). For each z € C \ [a,+oo), 
Prop. I A. 5 1 yields 

F{z) = f{z-a) =j + / --- p{dx) 

= 7 + / iha^zoTc){x)il{dx) = j + / ha,zdfi 

^ [0,+oo) ([0,+oo)) 

and, hence, (I33|) holds for each z G C \ [a, +oo). 

Now we assume that 7 is an arbitrary complex q x q matrix and that p, is an arbitrary 
non-negative Hermitian measure belonging to A1 >([q;, -|-oo)) such that (I3.5p holds for 
each z € C \ [a,-|-oo). Observe that linin^^oo ha,a-i-nit) = 0 is valid for each t G 
[a,-|-oo). Moreover, for every choice of re G Nq and t G [a,-|-oo), one can easily check 
that the estimation \ha^a-i-n{t)\ < 1 holds. Consequently, a matrix generalization of 
Lebesgue’s dominated convergence theorem (see Prop. IA. 6 P yields 


lim 

n^+oo 


X 


1 -|- t — a 


[a,+ 00 ) ^ 1 


p{dt) = 0 . 


From ()3.5I) we obtain then 


7 = 7 - 1 - lim 

n—>-+cxD 


f 1 -\-t — a 

' [q!, + 00) ^ ^ 


p{dt) 


lim F(q: — 1 — re). 

n^+oo 


From Thm. I3.11fai) we conclude then g = Cp and thus 7 G follows. The 

mapping T_q,: [a, -|-oo) [ 0 ,-|-oo) defined by T-a{t) := t — a is obviously bijec- 

tive and iB[cj^+oo)-®[ 0 ,-i-oo)'™ 6 ^surable. Further, the mapping p\ 55® —>■ C> given by 
p{B) := /Bn[o-i-oo)(^ d-x)/{l + x^)[T-a{p)]{dx) is well defined, belongs to A4>(M), and 
satisfies /?((—oo,0)) = Oqxq- Furthermore, the integral x/?(dx) exists. For each 

tc G C\ [0, -t- 00 ), using (|3.5p . the relation T_a([a, + 00 )) = [0, -|-oo) and Prop. |AA] provide 
us 


f[w) = F{w + a) =j+ f 7 

J [a,+ 00 ) ^ 


-\-t — a 

[a,+ 00 ) ^ Q^) 


p{dt) 


= 7 + 
= 7 + 
= 7 + 


[ i±Izz(^p(dt)=^ + [ 

'[a,+ 00 ) T—a(t) W J[0,+oo) ^ ^ 


X 


[0,+oo) 


1 + x'^ 1 + X 

X — w 1 + x"^ 


/ i 

J [0,-|-oo) ® 

f_a{h) (dx) 


f_aip) (dx) 


f '^ + X^ f ( l + xw\ 

/ -p(dx)= 7 -|-/ xH- \p\dx) 

J\Q,+oo) X-W J\ 0 ,+oo) V X-W 


70 ,+cxd) ^ ^ 

= 7 + / xp{dx) -I- / 

./[ 0 ,+oo) J\{. 

and, consequently. 


'[0,+oo) 

1 -|- xw 


[0,-|-oo) 


X — w 


p{dx) 


Rstrn, f{w) = 7 / xp{dx) + w ■ Oqxq + / - p{dx) 

-/[o,+oo) Jr. ^ ^ 


(3.9) 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


for each w G n_|_. Since 7 is non-negative Hermitian we see that := 7 -)- xp{dx) 

belongs to Thus, {A'^,Oqxq,p) coincides with the Nevanlinna parametrization 

{A,B,n) of the Herglotz-Nevanlinna function Rstrn+ /• In particular, p is exactly the 
(unique) Nevanlinna measure v of Rstrn_|_ /■ For each B G 5S[a,+oo)) ^6 have T-a{B) G 
®[o,+cxd) and hence 


p{B) = f_aip) 


T-a{B)) 


1 + X^ 1 + X 


'f-c(B) 


1 + X^ 
1 + X 


p{dx) = 


V 1 + 2 ; 
1 x^ 


'f-c{B) 


1 -I- X 


1 -)- 
i/(dx). 


f_a{p) (dx 


In particular, p is uniquely determined. 

(jbl) Let 7 G and p G A^>([q:, -|-oo)) be such that F can be represented via 

([33]) for each 2; G C \ [a, -|-oo). Then the mapping p\ iB[o,+oo) ^ given by p{B) := 
J)g(l-|-x)/(l-|-x^)[r_a(/r)](dx) is well defined and belongs to Af>([0, -|-oo)). Furthermore, 
/ satisfies (|3.9p with p instead of p for each tc G C \ [0, -|-oo). Hence, using a result on 
holomorphic dependence of an integral on a complex parameter (see, e. g. m ch. IV, 
§ 5 , Satz 5.8]), we conclude that / is a matrix-valued function which is holomorphic in 
C\[0,-|-oo). Because of F{z) = f{z — a) for each 2; G C\[a,-|-oo), we obtain then that F 
is holomorphic in C \ [a, -|-oo). From Lem. 13.51 we get ImT(t(;) G for each w G n+ 
and F{x) G for each x G {— 00 , a). Thus, F belongs to □ 

Remark 3.7. In the following, if T G 5 g.[ct,+oo) is given, then we will write {'JFjPf) foi' 
the unique pair ( 7 ,/u) G x A^>([a,-|-oo)) which realizes the integral representation 
(I33|) for each 2 ; G C \ [a, -|-oo). 

Example 3.8. Let a G M and let A,B£ Let F £ C \ [a,-(- 00 ) —> be the 

function from which is defined in Example 12.21 Then 'Jf = A and pF = SaB 

where 6a denotes the Dirac measure on ([a,+ 00 ), _|_cx 3 )) with unit mass at a. 

Example 3.9. Let a G M, let 7 G and let T: C \ [a,-|-oo) be defined for 

each 2; G C \ [a, -|-oo) by F{z) := 7 . In view of Thm. 13.61 then F G <Sg.[Q^+oo)) IF = 7; 
and pf is the zero measure belonging to A^>([q:,-|- oo)). 

Now we state some observations on the arithmetic of the class 

Remark 3.10. If F G 5,;[a,+oo) then G 5,;[a,+oo) and {'yFT,PFT) = {iJ,Rf)- 

Remark 3.11. Let a G M, let n G N, and let {<lk)'k=i he a sequence of positive in¬ 
tegers. For each k G let F^ G >Sg^;[a,+oo)- Then F := diag[Ffc]^^^ belongs to 

{7f,Pf) = (diag[7Fjfc^pdiag[/iFJLi)- Moreover, if A^ G 
for each k G then G := Yjk=i^k^kAk belongs to Sq.ya,+oo) and {jchG) = 

(ELi ^klF^k, ELi Kh'FkAk). 

Remark 3.12. Let a G M and let F G 5 q.[ci,+oo)- For each matrix A G for which 

the matrix 7 ^? -|- H is non-negative Hermitian, from Thm. 13.61 one can easily see that the 
function G := F -|- H belongs to >Sg.[Q^+oo) and that ( 7 ^, pc) = (7 f + A, pf)- 
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3. Integral representations for the class iSg.[Q, _|_cx 3 ) 


Proposition 3.13. Let a € M and let F G Then limy_)._|_(X) P(iy) = 'jp. 

Proof. Let {yn)^=i be a sequence from [1, +oo) such that lim„_).+oo Vn = +oo. Obviously, 
in view of Rem. 13.3[ we have lim„_).+oo ha,iy„{t) = 0 for each t € [a, +oo). Furthermore, 
for each t G [a, +oo), we get \ha,\y^{t)\ < 3 + |q:|. By virtue of Prop. IA.61 we obtain then 
lim„_>.+c« /[q, ha^iy^dpF = Oqxq- Application of the integral representation stated in 
Thm. I3.6rfai) completes the proof. □ 

Corollary 3.14. Let a G M. Then ^ Sq-,[a,+oo) ■ If = Ogxg}- 

Proof. Combine Prop. 13.131 and Rem. 13.71 □ 

If A is a non-empty subset of C*?, then we will use Af-*- to denote the orthogonal space 
of X. For each A G let Af{A) be the null space of A and let TZ{A) be the column 

space of A. 

Recall that a complex q x q matrix A is called an EP matrix if TZ{A*) = TZ{A). The 
class of these complex qx q matrices was introduced by Schwerdtfeger |20) . For 

a comprehensive treatment of the class against to the background of this paper, 

we refer the reader to |10[ Appendix A]. If G G IZqiJijf) then it was proved in |10[ 
Lem. 9.1] that, for each w G 11+, the matrix G{w) belongs to C^p'^. Part (jQ of the 
following proposition shows that an analogous result is true for functions belonging to 
the class iSg.jo^+oo)- Furthermore, the following proposition contains also extensions to 
the class 5g.[„^+oo) of former results (see |10[ Thm. 9.4], |11[ Prop. 3.7]) concerning the 
class 7^g(n+). 

Proposition 3.15. Let a G M and let F G + 0 ^). Then: 

(a) Let z G C \ [a, -(- 00 ). Then z G C \ [a, -|-oo) and F*{z) = F{z). 

(b) For each z G C \ [a,-|-oo), the equations 

N{F{z)) = N{gF) n N{pF{[a-, + 00 ))) (3.10) 

and 

TZ{F{z)) = 7^(7ir) TZ{pFi[a, + 00 ))) (3.11) 

are valid. In particular, Af{F{z)) = Af{F*{z)) = [Tl{F{z))]'^ and Ti{F{z)) = 
Tl{F*{z)) = [AA(F( 2 ;))]‘'‘ for each z G C \ [a, -|-oo). 

(c) Let r G Nq. Then the following statements are equivalent: 

(i) For each z G C \ [a,-|-oo), the equation rankT( 2 ;) = r holds. 

(a) There is some 2 ;o € C \ [a, -(- 00 ) such that rankT(zo) = r. 

(in) dim[77.(7_p)-I-7^(/iF([a,+ 00 ))] = r. 

(d) If det gF 0 or det[/ri7’([a, + 00 ))] ^ 0 then det[F(t(;)] 7^ 0 for all re G C \ [a, -|-oo). 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


Proof. In view of Rem. 13.71 we have 

7 _f € and gp ^ ■M>{[ct,+oo)). (3-12) 

Taking into account Rem. 13.31 for all z G C \ [a, +oo), we get then that belongs to 
T ([(T) Too), , ^^7’, C). 

(jaj) Let z € C \ [a, Too). From Rem. 13.71 and (I3.12p we obtain 

r n * 


F*iz)=^*F + 


'[q:,+oo) 


1 + t — a 
t — z 


hpidt) 


= 7f + 


j i 

J [a,+oo) 


+ t — a 
t — z 


frp{dt) = F{z). 


(fb)) Let z G C \ [a, +oo). For each t G [a, Too), we get then 

{t — Ke z){l + t — a) 


Re ha^z {t) — 


\t — z\ 


(3.13) 


and 


Im ha,zit) = 


(Imz)(l + t — a) 
\t — z\^ 


(3.14) 


Since ha,z belongs to C^{[a, Too), iB[Q,^+oo)) C), from Lem. IA.4l[a)) we see that 


A/'(^F([a,+oo))) <ZM 


' [q;,+Oo) 


ha,zdpp 


(3.15) 


holds true. Now we consider an arbitrary u G J\f{F{z)). In view of the definition of the 
pair {'yp,frp) (see Rem. ITTI) . we have 


u*'ypu+ / ha,zd{u* fipu). = u* F{z)u = 0. 

J [q,+oo) 

Consequently, because of (|3.16p . (|3.12l) . and (|3.14p . then 


(3.16) 


t) = u*gpu+ / Re/iQ,^ 2 d(tt*/Ui;’ti) > / Re/ia,^d(ti*^i;’ti) (3-17) 

^[q;,+oo) ^[q,+oo) 


and 


0 = Im 


' [q,+oo) 


ha,zd{u* gpu) 


(Imz)(l + t — a) , . ,,,, /„ 

- 2 - {u frpu){dt) (3.18) 


'[a,+oo) \t — z\ 


follow. In the case Imz ^ 0, from (|3.18p and (|3.12l) we get (u*ppu){[a,+oo)) = 0. If 
z G (—oo,a), then from (|3.13p we see that Ileha,zit) € (0, Too) holds for each t G 
[a. Too), and, by virtue of (13.171) and (I3.12p . we obtain {u*iJ.pu){[a,+oo)) = 0. Thus 
{u*p,pu)([a,+oo)) = 0 is proved in each case, which, in view of (13.121) . implies u G 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


Af{pF{[ci,+oo))). Taking into account a standard argument of the integration theory of 
non-negative Hermitian measures and (I3.15p . we conciude that 


i 


[ci,+oo) 


ha,z^{u* hPu) = U* 


' [a,+oo) 


ha,z^hF 


U = 


= u* ■ Ogxi = 0. 


Consequentiy, from (I3.16P we infer u*^fu = 0. Thus, (|3.12p shows that u beiongs to 
AA( 7 i?). Hence, 

J^{F{z)) C A/'( 7 f) n A^(/i_p([a,-l-oo))) (3.19) 

is vaiid. Now we are going to check that 

AA( 7 f) n A^(/rF([a, Too))) CAf{F{z)) (3.20) 


hoids. For this reason, we consider an arbitrary u € AA(7f) H AA(/rF([«)+ oo)))- From 
(j3.15p we get then F{z)u = iFU + iJ^oi +oo) ha,zdpF)u = Oqxi and therefore u E M{F{z)). 
Hence (|3.2np is verified. From (|3.19l) and (|3.2np then p.lOll foiiows. Keeping in mind (jap, 
(|3.10p for z instead of z, and (|3.12l) . standard arguments of functionai anaiysis yieid then 


n{F{z)) = WiFiz)*)]^ = WiFiz))]^ 

= [FJ’i'lF) n Af{gFi[a, -hoo)))]-^ = 'JZ{'Jf)'^ n 7 ^(|UF([a, Too)))" 

= (^[span(7^(7F) U 7^(/XF([a, -hoo))))]-^^ = TZ{jf) + TZ{pFi[a, +oo)))- 


Thus, (13.lip is proved. Using (13.101) for z and for 2 : instead of 2 , from (jap we obtain 
M{F{z)) = Af{F*{z)) = [n{F{z))]^. Simiiariy, n{F{z)) = n{F*{z)) = [Af{F{z))]^ 
foiiows from (|3.1ip and (jap. 

(jcp-(jdP These are immediate consequences of (jbp. □ 

Prop. 13.151 yields a generalization of a result due to Kats and Krein jl7[ Cor. 5.1]: 

Corollary 3.16. Let a E M, /et T E and let zq E C \ [a,-)-oo). Then 

F{zo) = Oqxq if and only if F{z) = Oqxq for all z £ C \ [a, -|-oo). 

Proof. This is an immediate consequence of Prop. I3.15flcp . □ 

Corollary 3.17. Let a £ M, let F £ >5q;[Q,^+oo); OLnd let X £ M be such that the matrix 
7 f — Xlq is non-negative Hermitian. Then 


n{F{z) - Xlq) = n{F{w) - Xlq) and M{F{z) - Xlq) = M{F{w) - Xlq) (3.21) 


for all z,w £C \ [q;,-|-oo). In particular, if X<0, then X is an eigenvalue of the matrix 
F(zo) for some 20 € C \ [a, -|-cx)) if and only if X is an eigenvalue of the matrix F{z) 
for all z £ C \ [a, -t- 00 ). In this case, the eigenspaees M{F{z) — Xlq) are independent of 
2 E C \ [a, -t- 00 ). 
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3. Integral representations for the class iSg.jQ, _|_cx 3 ) 


Proof. In view of Rem. 13.71 and Thm. 13.61 we conclude that the function G : C\ [a, +oo) —>■ 
defined by G(z) := F{z) — \Iq belongs to >Sq.[Q, _|_oo). The application of Prop. l3.15lTbl) 
to the function G yields then (I3.2ip . Since the matrix gp is non-negative Hermitian, we 
have — Xlq G if A < 0. Thus, the remaining assertions are an immediate 

consequence of (|3.21l) . □ 

At the end of this section we add a useful technical result. 


Lemma 3.18. Let a G M, /et A G and let F G 5g.[Q^+c>o)- Then the following 

statements are equivalent: 


(i) M{A) C J\f[F{z)) for all z ^ C \ [a, -|-oo). 


(ii) There is a zq € C \ [a, -(-oo) such that M{A) C M{F{zq)). 


(lii) M{A) C A/’( 7 ir) n A/'(/iir([a,-l-oo))). 


(iv) TAtA = F. 

(v) [AA(A)]''‘ T TZ{F{z)) for a// z G C \ [a, -t-oo). 

(vi) There is a zq €C \ [a,-|-oo) such that [A/’(A)]''' D TZ{F{zo)). 

(vii) [AA(A)]-^ T 7^(7ir) +Tl{pF{[a,+oo))). 


(via) At AT = F. 


Proof. “ (I)]=7 (ii) ’ and ‘|(v)[=> (vi) These implications hold true obviously. 


(hi; 


(iv; 


and “(ii) ^ (hi) Use equation (13.101) in Prop. l3.15lTb]) . 


This equivalence follows from a well-known result for the Moore-Penrose 


inverse of complex matrices. 

“f(I)l H(v)l ’: Because of Prop. I3.15l|b|) . we have Af{F{z)) = Ti{F{z))- 
[a, -|-oo). Hence, [(I)] and |(v)| are equivalent. 

^(^’ an^(vi)H^ 


(v) 


(v) 


Use equation (13.111) in Prop. l3.15lTb]) . 


Use Af{A)^n{A*) and A^ATZ{A*) = n{A*). 


for all z G C \ 


□ 


Now we apply the preceding results to the subclass +oo) ‘5q;[Q:,+oo) (see Nota¬ 
tion 12.91) . 

Example 3.19. Let a G M and let T: C \ [a,-|-oo) —>■ be defined by F{z) ■= Oqxq- 

In view of Example 13.91 and Cor. 13.141 one can easily see then that F belongs to 
and that gp is the zero measure belonging to A4>([a,-|-oo)). 

Remark 3.20. Let a G M, let n G N, and let {qk)^^i be a sequence of positive integers. 
For each k G Zi let T). G 5^ r , and let A^ G In view of Cor. 13.141 and 

Rem. 13.111 then: 


(a) The function G := Ylk=i belongs to and pc = YJk=i ^iLF^^k- 

(b) The function F := diag[Ffc]^^;^ belongs to gj,;[Q,,+oo) h-P = diag[^Fjfc=i- 
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4. Characterizations of the class _|_oo) 


Remark 3.21. Let a G M and let F G +oo)- view of Cor. 13.141 and Prop. I3.15l|b]) . 
then N{F{z)) = AA(/ri7’([a,+oo))) and 'R,{F{z)) = +oo))) for all z G C \ 

[a, +oo). 


4. Characterizations of the class Sq.[a,+oo) 

In this section, we give several characterizations of the class _|_oo). 

Lemma 4.1. Let a G M, let F: C \ [a,+oo) ^ be holomorphic, and let F^: C \ 

[a, +oo) —>■ he defined by 

F°{z) := {z-a)F{z). (4.1) 

Suppose that Rstrn+ F and Rstrn,^ both belong to 7^g(n+). Then (ReP")((—oo,a)) C 

Proof. We consider an arbitrary x G (— oo,q:). For each n G N, we have then 

ReF(x + — ) = nlm (x+ — )+n(Q; — x)ImF(x + —). (4.2) 

\ n J \ n- J V™/ 

For each n G N, Rstrn+ G TZqilijf) implies nImF^(x + i/n) G whereas 

Rstrn^ F G Fq(n+) yields n{a — x)1tiiF{x + \/n) G Thus, (14.21) provides 

us ReF(x + i/n) G for each n G N. Since F is continuous, we get then 

ReF(x) = hm„_j.ooReF(x + i/n). In particular, the matrix ReF(x) is non-negative 
Hermitian. □ 


In order to give further characterizations of the class 5q.[Q _|_oop we state the following 
technical result. The proof of which uses an idea which is originated in |19[ Thm. A.5]. 

Lemma 4.2. Let a G M and let F G Then F^: C \ [a,-|-oo) —>■ defined 

by dH]) is holomorphic and fulfills 

f (l + t — a)(t — a) ,, , , , 

7F + / ^^- -Mdt) (4.3) 

J [q,+oo) \t — z\ 

for each z G C \ [a, -|-oo). Furthermore, ImF'^(z) G for each z G C \ M and 
F^{x) G for each x G {—oo,a). 

Proof. Since F is holomorphic, the matrix-valued function is holomorphic as well. 
In view of Rem. Ell using a well-known result on integrals with respect to non-negative 
Hermitian measures, we have 

[Fiz)r = iF+ ! (4.4) 


ImF'^(z) = (Imz) 
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4. Characterizations of the class _|_oo) 


for each z G C \ [a, +oo). Thus, from Rem. 13.71 and (|4.4p we get 
2 iImF'^(2;) = (z — a)F{z) — {z — a)[T( 2 ;)]* 


= (z- Z)'JF + 


L 


[a,+oo) 


(1 4“ t — ot) 


z — a 


z — a 


t — z t — z 


hpidt) 


(4.5) 


for each z € C \ [a, +oo). Since {z — a) / (t — z) — {z — a)/ {t — z) = 2i(Im z){t — a)/\t — z\ 
holds for every choice ofzGC\[Q;,+oo) and t G [a, +oo), from (14.51) it follows (14.3p for 
each z G C \ [a, +oo). Since (1 + t — a){t — a)/\t — z\^ G [0, +oo) holds true for each z G 
C\[a, +oo) and each t G [a, +oo), from yj? G and (|4.3p we get j^\mF^{z) G 


?xg 


for each 2; G 


for each x G (—00, a). 


In view of Lem. 13.41 then F^{x) = Re F^{x) and hence F^{x) G 


jxq 


"H 


□ 


Proposition 4 . 3 . Let a G M, let F: C \ [a,+ 00 ) —>■ be a matrix-valued function, 

and let F^: C\ [a, + 00 ) —>■ he defined by (14.11) . Then F belongs to 5q.[ci,+cxD) */ 

only if the following two conditions hold true: 

(I) F is holomorphic in C \ [a,+ 00 ). 

(II) The matrix-valued functions Rstrn+ F and Rstrn^. F^ both belong to 77.g(n+). 


Proof. First suppose that F belongs to Sq.[a,+oo)- Then (I) and Rstrn+T G 77.q(n+) 
follow from the definition of the class Furthermore, Lem. 14.21 provides us 

Rstrn+ G 77.q(n+). 

Conversely, now suppose that |(I)| and |(II)| hold true. Because of the definition of the 
classes 77.q(n+) and 5q.[Q,^_|_cx3), it then remains to prove that F{{—oo,a)) C We 

consider an arbitrary x G (—00,a). First we show that ImT(x) = Oqxq- Because of |(II)[ 
for each n G N, the matrices ImT(x+i/n) and ImT'^(x+i/n) are non-negative Hermitian. 
Thus, the matrices ImT(x) and ImT'^(x) are (as limits of the sequences {lm.F{x + 
\/n))ffLi and {\mF^{x + \/n))ffLi, respectively) non-negative Hermitian as well. Since 
(|4.1I) implies ImP'^l'xl = (x—a) Im F(x), we get then — ImF(x) = ^j^ImF^(x) G 
which together with ImT(x) G yields ImT(x) = Oqxq- Hence, ReT(x) = F{x). 


Because of |(I)[ (H)[ and Lem. 14.11 we have ReT(x) 


qxq- 


Cf". 


Thus, F{{—oo,a)) Q 

□ 


Let Ca,- := {z G C: Rez G (—00,a)}. 


Proposition 4 . 4 . Let a G M and let F: C\[a, -|-oo) — >■ be a matrix-valued function. 

Then F belongs to 5q.[Q^_|_oo) if and only if the following four conditions are fulfilled: 

(I) F is holomorphic in C\ [a, -|-oo). 

(II) For each z G n_|_, the matrix ImF( 2 ;) is non-negative Hermitian. 

(III) For each z G n_, the matrix — ImP( 2 ;) is non-negative Hermitian. 

(IV) For each z G Cq,^_, the matrix ReP(2:) is non-negative Hermitian. 
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5. The class Si 


’O,(j;[a,+oo) 


Proof. First suppose that F G By definition of the class condi¬ 

tions j^)] and (II) I are fulfilled. From Thm. 13.61 and Lem. 13.51 we obtain [(ITT) and |(IV)] 
Conversely, |(I)| - (III) and Lem. 13.41 imply ImF(x) = Oqxq for all x G (—oo,a). In 

Together with 1(1)1 and |(II)[ this yields 

□ 


view of |(IV) we have then T((— oo,q;)) C 


xq 


F€S. 


'ij;[q!,+oo)' 


5. THg cIsss 

In this section, we prove an important integral representation for functions which belong 
to the class <So^q;[Q,^+oo)- It can be considered as modified integral representation of the 
functions belonging to the class 7^o,ij(II+) := {F G 7?.q(n+): sup^gp y||F(iy)|| < 
-|-oo} (see m Thm. 8.7]). Observe that if a G M and if z G C \ [a, -|-oo), then in view of 
Lem. lA.Slfa)) . for each a G A4>([a, -|-oo)), the integral l/{t — z)a{dt) exists. 

Theorem 5.1. Let a G M and let F: C \ [a,-|-oo) —>■ Then: 

(a) If F G ‘5o^q;[Q^_|-oo)) then there is a unique non-negative Hermitian measure a G 
A4>([a,-|-oo)) such that 

F{z) = f (5.1) 

J [q:,+Co) ^ ^ 


for each z G C \ [a, -|-oo). 

(b) If there is a non-negative Hermitian measure a G A4>([a,-|-oo)) such that F can 
be represented via dSU) for each z G C \ [a,-|-oo), then F belongs to the class 

‘^0,g;[o,+oo) • 

Proof. We modify ideas of proofs of integral representations of similar classes of holomor- 
phic functions (see jT9l Appendix]). 

(jaj) First suppose F G <5o^q;[Q,^+cxD)- Then F G 5q.[Q,^_|_oo) and the function F := Rstrn^ F 
belongs to the class 77.o,g(n+). From a matricial version of a well-known integral repre¬ 
sentation of functions belonging to 77.o,i(n_|_) (see, e. g. |H Thm. 8.7]) we know that there 
is a unique pL G A4>(M) such that 

F{w) = [ -^ti{dt) (5.2) 

J^t — w 

for all w G 11+, namely the so-called spectral measure of F, i.e., for each B G IBr, we 
have pi{B) = /^(l + t^)z^(dt), where v denotes the Nevanlinna measure of F. Prop. 14.41 
shows that F is holomorphic in C \ [a, -|-oo) and that ImF(z) G for all z G 11 + and 
— ImF( 2 ;) G for all 2; G n_. Hence, for each t G (—00, a), we have F*{t) = F{t). 
Applying the Stieltjes-Perron inversion formula (see, e. g. Thm. 8.2]), one can verify 
that z/((—oo,a)) = Oqxq- Hence fi{{—oo,a)) = Oqxq- Consequently, formula (15. 2p shows 
that m holds for each 2 G n+, where a '-= Rstr^j^ Since [a, -|-oo) is a closed 
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5. The class Si 


’O,(j;[a,+oo) 


interval the function G: C \ [a, +cx)) defined by G(z) := l/(t — 2 ;)(T(dt) 

is holomorphic (see, e. g. |9l Ch. IV, §5, Satz 5.8]). Because of F{w) = G{w) for each 
w G n+, we have F = G. If u is an arbitrary measure belonging to AI>([a,+oo)) such 
that m holds for each z G C \ [a,+oo), then using standard arguments of measure 
theory and the uniqueness of the non-negative Hermitian q x q measure v in the integral 
representation dlSl), one gets necessary a = Rstr^j^ /r. 

(fb]) Let a G +oo)) such that (]5.1I) holds for each z G C \ [a, -|-oo). Then F is 

holomorphic (see, e. g. |9l Ch. IV, §5, Satz 5.8]) and, for each z G C \ M, we have 


Imz 


Im. F{z) = / 
J \c 


[q;,H-oo) 


It 1 

--Im--a(dt) = 

Im z t — z 


1 


'[a,+00) \t z\ 


7(7 


(dt) G 


and, for each 2 belonging to Cq,^_, moreover 

ReF(z) = j Re- a{dt) = j 

J\a.+oo) ^ ^ J\c 


t — Re z 


[a,+00) \t — z\ 


a{dt) G 


Thus, F G >5g;[Q^+oo)- From the definition of F and jT] Thm. 8.7(b)] we see that 
Rstrn+ F G 7^o,g(n+), where 77.o,q(n+) is the class of all H G 7^q(n+) satisfying 
supj^gp^+oo) y|]-^(iy)]|E < +00. Thus, (12.ip is satisfied. Hence, F G ‘So^g;[Q,^+oo) holds. □ 

If (T is a measure belonging to A^>([a,-|-oo)), then we will call the matrix-valued 
function F: C \ [o;, -|-oo) —>■ which is, for each z G C \ [o;, -|-oo), given by (] 5 . 1 I) the 

[a,+oo)-Stieltjes transform of a. If F G ‘5o^q;[Q,+oo)) then the unique measure a which 
belongs to 7 V 4 >([a, +00)) and which fulfills (| 5 . 1 I) for each 2; G C \ [o;, -|-oo) is said to be 
the [a, +oo)-Stieltjes measure of F and will be denoted by ap. 

Note that, in view of Thm. 15.li the matricial Stieltjes moment prob¬ 
lem M[[a,-|-oo); (sj)^g, =] can be obviously reformulated in the language of 
[q;,-|- oo)-Stieltjes transforms of non-negative Hermitian measures. We omit the details. 

Remark 5.2. Let a G M, let n G N, and let {qk)^=i t>e a sequence of positive inte¬ 
gers. For each k G let Fk G 5o^qj,;[a^+oo)) and let apj, be the [a,-|-oo)-Stieltjes 

measure of F^. Then F := diag[Ffc]^^^ belongs to ^o,Y:k^iqk-,[a,+oo) ^^^sWFk]k=i is 
the [a,-|-oo)-Stieltjes measure of F. Moreover, if Aj. G for each k G then 

G ■= Ylk=i ^k^kAk belongs to 5o,g;[a,+oo) and is the [a,-hoo)-Stieltjes 

measure of G. 


Proposition 5.3. Let a G M, /et F G o,nd let ap be the [a,+oo)-Stieltjes 

measure of F. For each z G C \ [a, -|-oo), then 

N{F{z)) = N{aF{[a,+oo))) and TZ{F{z)) = TZ{(TF{[a,+oo))). (5.3) 


Furthermore, 


o-F([a,+oo)) =-i lim yF{iy). 

y^+00 

In particular, rankF(2:) = rank(Ti 7 ’([a, +00)) holds true for each z G C \ [a, -|-oo). 


(5.4) 
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6. Moore-Penrose inverses of functions belonging to the class _|_cx 3 ) 


Proof. Let z € C \ [a, +oo). From Thm. IS.lflaj) and Lem. IA.8l|b|) we obtain the second 
equation in (15.31) . The first one is an immediate consequence of the second one and 
the equation F{z) = F*{z), which can be seen from (15.11) . Because of Thm. I5.iriai) and 
Lem. lA.Sf fc]). the equation (15.41) holds true. □ 


6. Moore-Penrose inverses of functions belonging to the 
class 


We start with some further notation. If .Z is a non-empty subset of C and if a matrix¬ 
valued function F: Z ^ is given, then let TI : Z —>■ be defined by F^{z) := 

[T(z)]^, where [T(z)]^ stands for the Moore-Penrose inverse of the matrix F{z). In |11) 
(see also |10)L we investigated the Moore-Penrose inverse of an arbitrary function F 
belonging to the class 7^g(n+). In particular, it turned out that —F^ belongs to 7^g(n+) 
(see (To] Thm. 9.4]). The close relation between <Sg.[Q,^+oo) TZqiJljf) suggests now to 
study the Moore-Penrose inverse of a function F € 

Lemma 6.1. Let a G M and F G Then F^ is holomorphic in C \ [a,-t-oo). 

Proof. In view of formulas (]3.ini) and (]3.11l) . we obtain for all z G C \ [a,-|-oo) the 
identities M{F{z)) = Af{F{i)) and TZ{F{z)) = 7^(F(i)). Thus, the application of [15] 
Prop. 8.4] completes the proof. □ 

Let a G M and F G 5q.[Q _|_oo)- Then Lem. 16.11 suggests to look if there are functions 
closely related to F^ which belong again to ‘5g;[Q,,+oo)' Against to this background, we 
are led to the function G: C \ [a, -|-oo) defined by G{z) := —{z — q;)“^[F(2;)]^. 

Remark 6.2. If A G C|p^ i.e., if A G fulfills n{A*) = 71(A), then Im(At) = 

—Af(Im A)(Af)* (see also (TO] Propositions A.5 and A.6]). 

Theorem 6.3. Let a G M and let F G <5q;[Q,^_|_oo). Then G : C \ [a, -|-oo) —)• defined 

by G(z) := —(z — a)“^[T(z)]^ belongs to the class <Sg.[Q^_|_oo) cis well. 

Proof. Lem. 16.II yields that the function F^ is holomorphic in C\ [a, -|-oo). Consequently, 
the function G is holomorphic in C \ [a, -|-oo). Let z G 11+. Using Prop. [3T5l|b]) . we have 
7Z(F*(z)) = 7Z{F(z)). Hence, because of Rem. 16.21 the equations 


\m.G{z) = G(z){Itq.[(z — a)F(z)\)G*(z) 


and 


lm.[{z — a)G(z)] =\m —F\z) = F^(2;)[ImF(z)] F^z) 
hold. Taking into account F G 5q.[Q,+ cxd)) the application of Prop. 14.31 yields 

ImF(z) G and Im[(z — a)F(z)] G 


( 6 . 1 ) 

( 6 . 2 ) 

(6.3) 


Thus, combining (16.11) (resp. (|6.2p l and (16.31) . we get lm.G(z) G and Im[(z — 

a)G{z)] G Now, the application of Prop. 14.31 yields G G +00)- 
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6. Moore-Penrose inverses of functions belonging to the class _|_cx 3 ) 


Now we specify the result of Thm. 16.31 for functions belonging to >So^q;[ci^+oo)- 

Proposition 6.4. Let a £ M, let F a ‘5o^g;[Q^+oo); let ap be the [a,+oo)-Stieltjes 
measure of F. Then G: C \ [a,+oo) —> defined by G{z) := —{z — 

belongs to 5g;[a,+oo) 

7G = [<7F([a,+oo))]^ (6.4) 

In particular, if F is not the constant function with value Oqxq, then G € _|_oo) \ 

‘5o,(j;[a,+oo) • 

Proof. In view of Thm. 16.31 we have G G >Sg.[Q^+oo)- From Prop. 13.131 we obtain 

7g = lirn G{iy). (6.5) 

y^+oo 

Since F belongs to >5o^g;[Q,^+oo)) we have hmy_^+oo F’(iy) = Oqxq- Prop. 15.31 yields (|5.4p . 
Consequently, limy_>.+oo(a — iy)F{iy) = (Tir([Q:, +oo)). In view of Prop. 15.31 we have 
Tl{F{iy)) = 7^(iTi;’([a,+oo))) and, in particular, rank[(a — i?/)F(i7/)] = rank(Ji7’([a,+oo)) 
for each y £ (0,+oo). Hence, taking into account O Thm. 10.4.1], we obtain 

lim ([(a - i?/)F(i7/)]'^') = [crF([a,+oo))]'f. (6.6) 

y^+oo \ / 


Since G{\y) = —(iy — a)~^F^(iy) = [(a — iy)F{iy)]^ holds true for each y £ (0,+oo), 
from (]6.51) and (]6.61) we get then (16.4p . Now assume that G belongs to >So^g;[a^+oo)- From 
the definition of the class we obtain then limy_,.+oo G(iy) = Oqxq-, which, 

in view of (|6.51) and (16.41) . implies (Ti;’([a,+oo)) = Ogxg = Oqxq- Prop. 15.31 yields then 
N{F{z)) = O and hence F{z) = Oqxq for all z G C\[a, +oo). This proves G ^ >5o^g;[a^+oo) 
if F is not the constant function with value Oqxq- Q 


For the special choice q = 1 and a = 0, the following class was introduced by 
Kats/Krein |171 Def. Dl.5.2]. 


Notation 6.5. Let a G M. Then let S 


[- 1 ] 


g;[a,+oo) 

F: C \ [a, +oo) —>■ which fulfill the following two conditions: 


be the class of all matrix-valued functions 


(I) F is holomorphic in C \ [a, -|-oo) with Rstrn^. F £ 7^g(n+). 

(II) For all X £ (—oo,a), the matrix —F{x) is non-negative Hermitian. 

Remark 6.6. Let a G M, then F G C \ [a, -|-oo) —>■ belongs to 

if u*Fu £ , for all u £ CL 

Example 6.7. Let a G M and let D,E £ Then F: C \ [a, -|-oo) —>■ defined by 

F{z) ■-= -D + {z- a)E belongs to 
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6. Moore-Penrose inverses of functions belonging to the class _|_cx 3 ) 


Lemma 6.8. Let a € M and let f: C\ [a, +oo) —>■ C 6e such that there are real numbers 
d and e and a finite signed measure p on ((a,+oo),5 S(q,^_|_oo)) such that f{z) = —d + 
{z — a)[e + + t — a)/{t — z)p{dt)] holds true for all z & C \ [a,+oo). Then 

d = — lima;_^+o f{ot — x) and e = — lima;_^+oo[/(cK — x) + d]/x. Furthermore, d, e, and p 
are uniquely determined. 

Proof. With Zx ■= a — X we have {1 + t — a)/{t — Zx) = {1 + t — a)/{t — a + x) > 0 
for all t G (a,+oo) and all x G (0,+oo), which decreases to 0 as x increases to infinity. 
Since the signed measure p is finite, its Jordan decomposition p = consists of 

two finite measures. Hence, ^^■^{1 + t — a)/{t — zi)p±{dt) = /9±((a,+oo)) < oo holds 
true. Thus, Lebesgue’s monotone convergence theorem yields lim 2 ,_>._|_oo +oo)(^ Pt — 

a)/(t — Zx)p±(dt) = 0, which implies limx^+oo[f (zx) + d]/(zx — a) = e. Furthermore, we 
have —{zx — a)(l + t — a)/{t — Zx) = {1 +1 — a)/[I + {t — a)/x\ > 0 for all t G (a, +oo) 
and all x G (0,+oo), which decreases to 0 as x decreases to 0. Since [-(^1 - 

a)(l + t — a)/(t — 2 i)]/?±(dt) = /?±((a,+oo)) < oo holds true, Lebesgue’s monotone 
convergence theorem yields lim 2 ,^+o ~ + t - ot)/{t - Zx)]p±{dt) = 0 

showing — liuix^+o f (zx) = d. In particular, d and e are uniquely determined. Now 
let fj be an arbitrary finite signed measure on ((a,+oo), such that f{z) = 

—dp {z — a)[ep +cxd)(1 Pt — a}/(t — 2 ;)(T(dt)] holds true for all z G C \ [a, +oo). Then 
+ = /(a,+oo)(l + ^““)/(^“^)/^(di) for G C \ [a,+oo). 

Since the signed measure u is finite, its Jordan decomposition u = it+ — ct_ consists 
of two finite measures. Hence, we obtain P t — a)/{t — z)(a+ + /9_)(dt) = 

/(a+oo)(^ + t — a)/{t — z){p+ P a-){dt) for all z G C \ [a,+oo) with finite measures 
iT+ + p- and pa-. Using Thm. 13.61 it is readily checked then that (T+ + p- and 
p_i_ + a- coincide. Consequently, a = p follows. □ 

Lemma 6.9. Let a G M and let f G Then there are unique non-negative real 

numbers d and e and a unique measure p G Too)) such that f{z) = —d + (^ — 

+ f(a +oo)(^ P t — a)/(t — z)p{dt)\ holds true for all z € C \ [a, +oo). 

Proof. Obviously, the function g: C\[0, +oo) —?> C defined by g{w) := f{wpa) belongs to 
‘^i [o+oo)' f^^rice, by virtue of im Thm. SI.5.2], there exist unique numbers a G (—oo,0] 
and b G [0,+oo) and a unique measure r on ((0,+oo), *B(o,+oo)) with /(o+oo)^/(® 
x^)r(dx) < oo such that g{w) = a P bw P /(o+oo)[^/(® — w) — l/x]T(dx) for all w G 
C \ [0,+oo). Then y defined on 53(0,+oo) by x{B) ■= l/(x + x^)T(dx) is a finite 
measure on ((0,+oo), 5S(o,+oo)) and the integral /(o+oo)(^ x^)[l/{x — w) — l/x]x(dx) 

exists for all tc G C \ [0, Too) and equals to /(o+oo)[^/(^ — w) — l/x]r(dx). We have 
(x + x^)[l/(x — tc) — 1/x] = t(;(l + x)/(x — tc) for all rc G C \ [0, +oo) and all x G (0, +oo). 
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In view of z — a G C \ [0, +oo) for all z € C \ [a, +oo), we obtain thus 


f{z) = g{z — a) = a + b{z — a) + 

Ja 

= a + {z — a) b + 


( 0 ,+oo) 
I + X 


= —d + {z — a) 


e + 


( 0 ,+oo) ^ 

1 “t" t — cr 

(a,+oo) ^ ^ 


1 1 

X — (z — a) X 

X{dx, 


r(dx) 


/ 

J (a 


p{dt) 


for all z G C \ [a, +oo), where d := —a, e := b, and p is the image measure of x under the 
translation T: (0, +oo) —>■ {a, +oo) defined by T{x) := x + ot. In particular d, e G [0, +oo) 
and p G Ad>((a, +oo)). Hence, the triple (d, e, p) is unique by virtue of Lem. 16.81 □ 


Theorem 6.10. Let a G M and let F: C \ [a, +oo) — . Then: 


(a) If F ^ there are unique non-negative Hermitian complex q x q ma¬ 

trices D and E and a unique non-negative Hermitian measure p G Al>((a,+oo)) 
such that 


F{z) 


-D + {z 


a) 



1 + t — a 
t — z 


p{dt) 


(6.7) 


for a// z G C \ [a,+oo). Furthermore, the function P: C\ [a,+oo) — >■ 
defined by P{z) '■= (z — a)~^F(z) belongs to 5q.[„^_|_oo) with D = pLp{{a}) and 

{E,p) = (7P,RstrgS(^ _^^j pp). 


(b) If D ^ E G and p G Al>((a, +oo)) are such that F can be represented 

via (j6.7l) for all z G C \ [a, +oo), then F belongs to 

Proof, (jaj) We consider an arbitrary vector u G According to Rem. 16.61 then 

fu ■= u*Fu belongs to Hence, Lem. 16.91 yields the existence of a unique 

triple {du,eu,Pu) £ [0,+oo) x [0,+oo) x A1 >((q;,+ oo)) such that 


fu{z) 


~du + {z 


a) 



1 + t — a 
t — z 


Pu { dt ) 


( 6 . 8 ) 


holds true for all z G C \ [a,+oo). With the standard basis (ei,e 2 ,... ,eq) of C^, let 
djk ■■= iELo(-i)^4,+iAfe> ejk ■■= iELo(-i)^%+i^efe and pjk ■= i ELo(-i)Ve,+iAfc 
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6. Moore-Penrose inverses of functions belonging to the class _|_cx 3 ) 


for all j, k G We have then 




£=0 


7 + iz-a) 


e=o 


^ej+i^ej. + 


(a,+oo) 


l + t — a ^ 


= -djk + {z-a) 


Gjk + 


' (ci,+oo) 


1 + t — a 
t — z 


Pjk{dd) 


for all j, k G Zi^g and all z G C \ [a, +oo). Hence, ( 16 . 7 p follows for all z G C \ [a, +oo) with 
D ■■= [djk]lk=v ^ ■= [(^jk]'j,k=v P ■= \Pjk]]^k=r all C G C with |C| = 1, we have 
fCu = fu and thus d^u = du, = &u, and = pu by virtue of the uniqueness of the 
triple {dujCu, Pu)- A straightforward calculation yields for all j,k G Zi^g then dkj = djk, 
Ckj = eijk, and pkj{B) = pjk{B) for all B G ®(q,,+oo)- Thus, the matrices D and E are 
Hermitian and p is an cr-additive mapping defined on ®(q,,+oo) with values in From 

(j6.7l) we obtain fu{z) = —u*Du+{z — a){u*Eu + _^_^^[{l+t — a)/{t — z)]{u*pu){dt)) for 
all z G C\[a, +oo), where u*Du and u*Eu belong to M and u*pu is a finite signed measure 
on ((a,+CX)), In view of (16.8p . Lem. 16.81 yields u*Du = du, u*Eu = e„, and 

u*pu = pu- In particular, u*Du and u*Eu belong to [0, +oo) and u*pu G AI>((q:, +oo)). 
Since u € was arbitrarily chosen, hence D,E ^ C'^^, and p G Ad>((a,+oo)) follow. 

Now let D,E ^ and p G Ad>((Q;,+oo)) be such that (|6.7I) holds true for all 

z G C \ [a, +oo). Denote by 5a the Dirac measure on ([a. Too), 1 B[q,^+oo)) with unit mass 
at a. Then P admits the representation P{z) = E + _^^^{l + t — a)/{t — z)9{dt) for all 

z G C\[a,+oo), where 0 : t defined by 0 ( 7 ?) := p{Br\{a,+oo)) + [5aiB)]D 

belongs to AI>([a,+oo)). Hence, Thm. I 3 . 6 l|b]) and Rem. 13.71 yield P G 5 g.[„^_|_oo) with 
'fP = E and pp = 6. In particular, pp{{a}) = D and Rstr^^^ pp = p. Hence, the 
triple {D,E,p) is unique. 

(jb)) Let D,E & and p G Ad>((Q;,+oo)) be such that ( 16 . 7 p holds true for all 2; G 
C\ [a, +00). As explained above, then P belongs to Sq.[a,+oo)- Since F{z) = (z — a)P{z) 

for all 2 ; G C\ [a, +00), we hence conclude with Prop. I4.3l that F belongs to □ 

In the following, if a G M and F G _|_oo) ure given, then we will write {Dp, Ep, pp) 
for the unique triple {D,E,p) from x x 7 Vf^((Q;,+00)) which fulfills (| 6 . 7 p for 
all 2 ; G C \ [a, +00). 

Corollary 6.11. Let a G M. Then F: C \ [a,+00) —?> belongs to if and 

only if P: C\ [a,+00) —?> defined by P{z) = [z — a)~^F{z) belongs to 5 q.[cj^+oo)- 

Proof If F G ^ ^ <Sq.[a,+oo), by virtue of Thm. Ib.mi^aj). 
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6. Moore-Penrose inverses of functions belonging to the class _|_cx 3 ) 


Conversely, now suppose P € >5q;[Q,^+oo)- According to Thm. 13.61 and Rem. 13.71 then 


F{z) = {z — a)P{z) = {z — a) 


IP + 


= —D + (z — a) 


[ckj + oo) 

E+ I 


/xp(dt) 


1 -\-t — a 
t — z 

j' \ 1 — ex 

(q;,+cxd) ^ 


p{dt) 


for all z G C \ [a, +oo), where the matrices D := p,p{{a\) and E := 'jp are non-negative 
Hermitian and p := Rstr^s^^ /Up belongs to Ad>((Q;,-|-oo)). Hence, Thm. IG.lOllbl) 

yields E € ^ □ 

g;lo,+oo) 

Corollary 6.12. Let a G M and let E G Eor all xi,X 2 G (—oo,a) with 

Xl < X2, then E{xi) < F{X2) < Oqxq- 

Proof. Using Thm. 16.101 we obtain 


F{x 2 ) - F{xi) 


(X2 - Xl) 



(1 + t — a)(t — a) 

{t - X2){t - Xl) 


PF{dt) 


for all xi,X 2 G (—oo,a) with xi < X 2 , by direct calculation. Since Ep G and 

—F{x) G for all x G (—oo, a), thus the proof is complete. □ 

Now we consider again the situation of Example 16.71 
Example 6.13. Let a G M and let D,E ^ Then F: C \ [a, -|-oo) —>■ defined 

by E{z) := —D P [z — a)E belongs to where Dp = D, Ep = E, and pp is the 

constant measure with value Oqxq- 

Proposition 6.14. Let a G M and let F G Then: 

(a) If z G C\[a, -|-oo), then z G C \ [a, -|-oo) and [F{z)]* = F{z). 

(b) For all z G C \ [a. Too), 

MiF{z)) = N{Dp) n M{Ep) n M{pp{{a, +oo))), (6.9) 

Tl{F{z)) = Tl{Dp) + IZ{Ep) + IZ{pp{{a, -too))), (6.10) 

and, in particular, AA([F( 2 ;)]*) = M{F{z)) and TZ{[F{z)]*) = Tl{F{z)). 

(c) Let r G Nq. Then the following statements are equivalent: 

(i) rankF(z) = r for all z G C \ [a, -t-oo). 

(a) There is some zq G C \ [a, -too) such that rankF( 2 ;o) = r. 

(in) dim[77.(ilp) + TZ{Ep) + Il{pp{{a, +oo)))] = r. 
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6. Moore-Penrose inverses of functions belonging to the class _|_cx 3 ) 


Proof, (jaj) This can be seen from Thm. I6.10ffa| . 

According to Thm. IB.lOriaj) . the function P: C\ [a,+oo) —>■ defined by 

P{z) := (z — a)~^F{z) belongs to with Dp = /rp({a}) and {Ep,pp) = 

( 7 p, Rstr®^^ pp). In particular, pp{[a,+oo)) = Dp + /9p((q;, Too)). Since the two 
matrices on the right-hand side of the last equation are both non-negative Hermitian, 
we get Af{pp{[a, +oo))) = M{Dp) n Af{pp{{a, +oo))). Now let ^ G C \ [a,-|-oo). Ap¬ 
plying Prop. l3.15lTb|) to P, we get M{P{z)) = J\f{jp) fl AA(/ip([a,-|-oo))). In view of 
Af{F{z)) = Af{P{z)), then (16.91) follows. Thus, (16. 9 p is proved for all z G C \ [a,-|-oo). 
From (jaj) and (|6.9p we get AAjjFjz)]*) = Af{F{z)) for all z G C \ [a,-|-oo). Taking ad¬ 
ditionally into account that the matrices Dp, Ep, and pp((a,-|-oo)) are non-negative 
Hermitian, we obtain (jb.lOl) from (|6.9I) in the same way as in the proof of Prop. l3.15lTbp . 
Using (jaj) and (I6.10p . we get 7^([T(z)]*) = Tl{E{z)) for all z G C \ [a, -|-oo). 

(jcj) This is a consequence of (jb.lOl) . □ 

Corollary 6.15. Let a G M, /et T G let G C \ [a,-|-oo). Then 

E{zo) = Oqxq if and only if F{z) = Oqxq for all z £ C \ [a, -|-oo). 

Proof. This is an immediate consequence of Prop. I6.14flcp . □ 

Corollary 6.16. Let a £ M., let F £ +cxd)’ let X £ M. be such that the matrix 
Dp + Xlq is non-negative Hermitian. Then 

n{F{z) - Xlq) = n{F{w) - Xlq) and N{F{z) - Xlq) = M{F{w) - Xlq) (6.11) 

for every choice of z and w in C \ [a,-|-oo). In particular, if X > 0, then X is an 
eigenvalue of the matrix F{zo) for some zq £ C\[a, -|-oo) if and only if X is an eigenvalue 
of the matrix F{z) for all z £ C \ [a, -|-oo). In this case, the eigenspaces Af{F{z) — Xlq) 
are independent of z £ C\[a, -|-oo). 

Proof. In view of Thm. 16.101 we conclude that the function G: C \ [a,-|-oo) ^ 
defined by G{z) := F{z) — Xlq belongs to The application of Prop. l6.14lTbl) 

to the function G yields then (|6.1ip . Since the matrix Up is non-negative Hermitian, 
we have Dp + Xlq £ if A > 0. Thus, the remaining assertions are an immediate 

consequence of (|6.11l) . □ 

Lemma 6.17. Let a G M and F £ Then F^ is holomorphic in C\ [a, -t-oo). 

Proof. In view of (|6.9I) and (|6.10p . we obtain for all z G C \ [a, -|-oo) the identities 
J\f{F{z)) = Af{F{i)) and IZ{F{z)) = 7^(F(i)). Thus, the application of [l5l Prop. 8.4] 
completes the proof. □ 

The following proposition is a generalization of a result due to Kats and Krein m 
Lem. Dl.5.2], who considered the case q = 1 and a = 0. 

Theorem 6.18. Let a G M and let F: C \ [a,-|-oo) —>■ be a matrix-valued function. 

Then F belongs to if and only if G := —F^ belongs to <Sg.[Q,^poo)- 
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7. Integral representations for the class 


Proof. First suppose F G ‘5g-[a+oo)' Then G is holomorphic in C \ [a,+oo) by virtue 
of Lem. 16.171 In view of Rstrn^ F G 7^g(n+), we conclude from |11[ Prop. 3.8] that 
Rstrn+G* belongs to 7^g(n+) as well. In particular, ImG(r(;) G for all w G 11+. 

Because of —F{x) G for each x G (—oo,a), we have G{x) = [—F(x)]^ G for 
all X G (—oo,a) (see, e.g. |5l Lem. 1.1.5]). Hence, G belongs to >Sg.[Q^+oo)- 

Now suppose G G <Sg.[Q^+c«)- Then F = —Hence, F is holomorphic in C \ [a, +oo) 
by virtue of Lem. 16.11 Since Prop. 14.31 yields Rstrn+ G G 7^g(n+), we conclude from [111 
Prop. 3.8] that Rstrn+ F belongs to 7^q(n+) as well. Because of G{x) G for all 
X G (—oo,a), we have —F{x) = [G(x)]^ G for all x G (—oo,a) (see, e. g. O 

Lem. 1.1.5]). Hence, F G □ 

7. Integral representations for the class <Sq;(_oo,d] 

The main goal of this section is to derive some integral representations for 
(—oo,/3]-Stieltjes functions of order q. Our strategy is based on using the correspond¬ 
ing results for the class +^ 0 ). The following observation provides the key to realize 

our aims. 

Remark 7.1. Let a,/3 G M and let T: C —> C be dehned by T{z) '■= a + {3 — Then 
T{C\[a, -hoo)) = C\(-oo, /3], r(C\(-oo, /3]) = C\[q!, -Foo), T(n+) = n+, T((-oo, a)) = 
(/3, -|-oo) and T{{/3, -|-oo)) = (— 00 , a). Consequently, in view of Prop. 14.41 one can easily 
check that, for each F G ‘5^;[a,+oo)) function G: C \ (—oo,/3] dehned by 

G(^) := —[F{a F f3 — z)]* belongs to and that, conversely, for any function 

G G the function F: C\[a,-t-ooj —>■ dehned by F{z) := —[G{a + (3 — z)]* 

belongs to <Sg.[„_+oo)- 

Proposition 7.2. Let /3 G M and let G G Then the Nevanlinna parametriza- 

tion {A,B,u) of Rstrn+G fulfills z^((/3,-|-oo)) = Oqxq, B = Oqxq, and v G A4>^(M). 
In particular, for each z € C \ (— 00 , /3], then G{z) = A + (1 + tz)/{t — z)iy{dt). 

Proof. According to Rem. 17.11 the function F: C \ [—f3, -|-oo) —)• dehned by F{z) : = 
— [G(— 2 )]* belongs to 5q.[_^ +oo). From Rem. 12.151 we obtain then that the Nevanlinna 
parametrization of Rstrn^ F is given by (—A,B,9), where 6 is the image measure of u 
under the rehection t —ton M. Now Prop. [2T6]yields 0((— 00 , —/?)) = Oqxq, B = Oqxq, 
9 G i(lR), and F{z) = —A + +oo)(^ T “ z)9{dt) for all 2 G C \ [—/3, -|-oo). 

Hence, i/((/3,-|-oo)) = Oqxq, n G A4> ^(M), and 

G{z) = -|F(-J)1* = A+ [ Fffm) = A+ f 

Jl—l3,+oo) ^ ^ J{—oo,p] ^ ^ 

for all z G C \ (— oo,/3]. □ 

Theorem 7.3. Let /3 G M and let G: C\ (—oo,/3] —>■ Then: 
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7. Integral representations for the class 


(a) Suppose G € Denote by {A,B,v) the Nevanlinna parametrization of 

Rstrn+G and let v := Rstr!s^_^ i/. Then v G ;^((—oo,/3]) and there is a 
unique pair {C,r]) from x Ait, ^((—oo,/3]) such that 

G{z) = -C+[ ^hidt) (7.1) 

J (—00,/ 3 ] ^ 

for all z G C \ (— 00 , /3], namely G = t7(dt) — A and t] = D. Furthermore, 

G = — linir^+oo G{/3 + re'*^) for all cf G (—7r/2,7r/2). 

(b) Let G G and let rj G ^((— 00 ,/3]) be such that (17.11) holds true for all 

z G C \ (—oo,/3]. Then G belongs to 5g.(_oo,/3]- 

Proof Q According to Rem. I7.1[ the function F: C\ [—/?,+ 00 ) —>■ defined by 

F{z) := —[G(—z)]* belongs to From Rem. 12.151 we obtain then that the 

Nevanlinna parametrization of Rstrn+F’ is given by {—A,B,9), where 9 is the image 
measure of u under the reflection t —t on M. Now Thm. 13. Ufa)) yields that 9 '■= 
Rstr^j_^ 0 belongs to ^([—/3,+ 00 )) and that there is a unique pair {D,t) G 

X Atf j^([—/3,+ 00 )) such that F{z) = D + — z)T{dt) for all 

z € C \ [—/?, + 00 ), namely D = —A — t9{dt) and t = 9. Since 9 is the image 

measure of D under the transformation T : (—oo,/3] —>■ [—/3,+ 00 ) dehned by T[t) := —t, 
we can conclude v G ^((—oo,/3]) and 


G{z) = -[F{-n* =-D*- 


' [—/3,+oo) t Z 


1 + f^ 

-r(dt) 


= -D- 


1 + F 


r(dt) 


'[-/3,+oo) 


{-t)9{dt) - A 


+ 


'[-/3,+oo) 


1+B 

—t — z 


9{dt) = -G + 


[—/3,+oo) i z 

I" l + f^ 


'(-00,/ 3 ] 


t — z 


r]{dt) 


for all z G C \ (—oo,/3], where C '■= /(_oo — A and rj := u. From the above 

computation we see G = D and hence G G follows. Taking additionally into 

account Thm. I3.11fai) . for all (j) G (—7r/2,7r/2), we get 


lim F {-/3 + re^G-A) 

* 

= lim 

F{-f3 - re”'^) 

r —>-+00 

r^+oo 

- 


lim G(/3 + re''^). 

r—>+oo 


Now let G G and rj G j^((— 00 ,/?]) be such that (|7.ip holds true for all 

z G C \ (—oo,/3]. Then defined by x{M) '■= r]{M D (— oo,/3]) belongs 

to Ait, ;^(M) and the matrix —C + Jjgtx(dt) is Hermitian. Using dMI), we conclude 
from dUD then that the integral /[[^(l + tz)/{t — z)x(dt) exists and that G{z) = —G + 
/iR^x(dt) + 2 ; ■ Oqxg + /r(1 + tz,)/{t — 2 ;)x(dt) for all z G n+. Thm. I2.13lfal) yields then 
—C + /g tx{dt) = A and x = ^- Hence r] = D and G = tP(dt) — A. 

(jb)) Let C G Ct^'^ and rj G Ait, j^((—oo,/3]) be such that (17.11) holds true for all z G 
C \ (—oo,/3]. Using a result on holomorphic dependence of an integral on a complex 
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7. Integral representations for the class 


parameter (see, e. g. |9l Ch. IV, §5, Satz 5.8]), we conclude then that G is a matrix¬ 
valued function which is holomorphic in C \ (—oo,/3]. Furthermore, 


lmG{z) = j 


Im 


(-oo,/3] 


1 + G 
t — z 


= J 


(1 -|- Imz 


(-oo,/3] 


\t — Z 


7](dt) € Cf 


for all z € n_|- and 

-G(x) = G+ [ ^^r/(dt) E Cf 

J (— 00 ,( 3 ] ® ^ 


for all X E (,d,-|-oo). Thus, G belongs to <Sq;(_oo,/ 3 ]- 


□ 


In the following, if /? E M and G E 5q.(_oo,/3] are given, then we will write {Cg,'I]g) 
for the unique pair (G, ry) from x ^((—oo,/3]) which fulfills (17.11) for all z E 

C\ (-oo,/3]. 

Remark 7.4. Let /3 E M and let G E For all xi,X 2 E (,5, -|-oo) with xi < X 2 , 

then G(xi) < G{x 2 ) < Oqxq, by virtue of Thm. I7.3riaj) . 

Remark 7.5. (a) Let a E M and let F E >Sg.[Q^+oo)' In view of Thm. 13.11 we have then 

~[F{-z)]* = -Cf+ [ ^^Mdt) = -Gf+ [ 

./[a,+00) t Z J y_oo,—o] t Z 


for all z E C \ (— 00 , — a], where 9 is the image measure of rjF under the transforma¬ 
tion R: [a,-|-oo) (— 00 ,—a] defined by R(t) := —t. Because of Gf E and 

9 E A4> j^((— 00 , —a]), Thm. 1731 yields then that G: C\(— 00 ,—a] —^ defined 

by G{z) := -[F{-z)]* belongs to 5q.(_oo,-Q:] and that {Gem) = {Cf,0)- 

(b) Let /3 E M and let G E In view of Thm. 17.31 and Prop. IA.51 we have then 

-[G{-z)]* = Cg + [ ^^^m{dt) = GG+ [ ^T^m) 

■/(— 00 ,^] ^ ^ ■/[—/3,+oo) ^ 

for all z E C \ [—/3, +oc), where 0 is the image measure of tjq under the transforma- 
tion T: (— 00 , ,5] —)• [—,d,-|-oo) defined by T{t) := —t. Because of Gg E and 

9 E A4> i{[—l3, + 00 )), Thm. [3T] yields then that F: C \ [—P, -|-oo) ^ defined 

by F{z) := -[G{-z)]* belongs to 5q.[_^^+oo) and that {Gf^Pf) = {Cg,9). 

Now we get an integral representation for functions which belong to the class 5 q.(_ooj 3 ]. 

Theorem 7.6. Let ,5 E M and let G: C \ (— 00 , ,5] —?> Then: 

(a) If G E then there are a unique matrix 7 E and a unique non¬ 

negative Hermitian measure p E A4>((— 00 ,,5]) such that 

G{z) = --f+[ — -p{dt). (7.2) 

J (—oo,/ 3 ] r z 

holds for each z E C \ (— 00 , ,5]. Furthermore, 7 = Gg and 7 = — limy_)._|_(X) G{iy). 
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7. Integral representations for the class 


(b) If there are a matrix 7 € and a non-negative Hermitian measure p, G 

Al>([a,+oo)) such that G can he represented via (17.21) for each z G C \ (— 00 ,/S], 
then G belongs to the class 5 q.(_oo,/ 3 ]- 

Proof, (jaj) According to Rem. I7.5l|b]) . the function F: C\ [—/3, + 00 ) defined by 

F{z) := —[G(—z)]* belongs to and Cp = Gq- Thm. Id.bljai) yields then that 

there is a unique pair {6,p) from x Af>([—/3, + 00 )) such that 


F{z) =^ + J 


[-/3,+oo) 


1 + t + /3 
t — z 


p{dt) 


(7.3) 


for all z G C \ [—/3, + 00 ) and that 6 = Gp- Applying Prop. IA.5I we now infer 

1 + t + /3 


G(z) = -[F(-z)]* = -Gp - 


= -Cg + 


[-/3,+oo) t + ^ 

1 + /3 — {—t) 


-p{dt) 


'[-/3,+oo) 


—t — Z 


p{dt )= -7 +y 


(- 00 ,/3] 


1 + /3 — t 
t — z 


p{dt) 


for all z G C \ (— 00 ,/S], where 7 := Gq and p is the image measure of p under the 
transformation R\ [—/3,+ 00 ) —>■ (—oo,/3] defined by R{t) := —t. Since Prop. IXTHl yields 
limy_,.+oo Fify) = conclude furthermore 


^ = Gg = Gp = 6 = 6* = 


lim F{iy) 

{/—>-+oo 


= — lim G{iy). 

y^+00 


Now let 7 G and p G Af>((— 00 ,/3]) be arbitrary such that (|7.2p holds true for 
all z G C \ (— 00 , j3]. Then using Prop. IA.5I we get 


F(z) = -[G(-z)r =7- 
= 7 + 


(- 00 ,/3] 

1 — f + /3 


'(-ooA] 


—t — z 


1 + /S — f 
t + z 

p[dt) = 7 + 


p{dt) 


'[-/3,+oo) 


1 + t + /S 
t — z 


(7.4) 


0{dt) 


for all z G C \ [—/3,+oo), where 9 is the image measure of p under the transformation 
T: (—oo,/3] —>■ [—/3,+oo) defined by T{t) := —t. Since we know from Thm. I3.6l)a)) that 
the pair {S, p) G x A4>([—/3,+ 00 )) with (|7.3p for all z G C \ [—/3,+oo) is unique, 
comparing with (17.4p . we conclude 7 = 5 and 9 = p. Hence, 'j = Cp = Cg and p is the 
image measure of p under the transformation R. 

(fbP Let 7 G and p G A4>((— 00 ,/3]) be such that (17.21) holds true for all z G 

C\ (-oo,/3]. Then F: C\ [-/3,+to) ^ defined by F{z) := -[G(-z)]* fulfills (ITAI) 
for all z G C \ [—/?, + 00 ), where 9 is the image measure of p under the transformation 
T. Thm. l3.6l1bP yields then F G In view of G(z) = —[T(—z)]* for all 

z G C \ (— 00 , /S], hence G belongs to 5 q.(_cx 3 ,/ 3 ] by virtue of Rem. 17.11 □ 

In the following, if /3 G M and G G Sq-(-oo,p] are given, then we will write {'jG^hc) for 
the unique pair ( 7 , p) from C>^'^x Af>((— 00 , /3]) which fulfills (17.21) for all z G C\(— 00 , /3]. 
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7. Integral representations for the class 


Remark 7.7 . (a) Let a G M and let F G >5g;[Q,+oo)- Iii view of Thm. 13.61 and Prop. IA.5I 

we have then 

-[F{-n* = -lF+ [ = -lF+ [ ^~'^~^ 9{dt) 

J[a,-\-oo) ^ ^ (— 00 ,- 0 :] ^ ^ 

for all z G C \ (—oc, — a], where 6 is the image measure oi under the transfer- 
mation R: [a,+oo) —>■ (— 00 ,—a] dehned by R{t) := —t. Because of 
T hm . [7l6] yields then that G: C\ (— 00 , —a] —>■ dehned by G(z) := —[F(—T)]* 

belongs to 5q.(_oo-«] and that {'ychc) = {lF,0). 

(b) Let /3 G M and let G G In view of Thm. 17.61 we have then 

-[G(-T)]* = 7G + / = 7G + / l±l±l~e[dt) 

-/(—oo,/3] ^ ^ -/[—/3,H-oo) ^ 

for all z G C \ [—/3, +oo), where 9 is the image measure of jic under the transfer- 
mation T: (— 00 ,/3] —>■ [—/3,+ 00 ) dehned by T{t) := —t. Because of 7 g G 
Thm. 13.61 yields then that F: C \ [—/3, + 00 ) —>■ dehned by F{z) '■= —[G{—'z)]* 

belongs to and that {'fF^hF) = {'IcJ)- 

Proposition 7.8. Let /3 G M and let G G >Sg.(_oo^^]. Then: 

(a) Let z € C \ (— 00 , /3]. Then z G C \ (— 00 , /3] and [G( 2 ;)]* = G{z). 

(b) For all z ^ C \ (— 00 ,/3], 

'^iG{z)) = F(jg) +7^(/iG((-oo,/3])), N{G{z)) =M{-/g) n A/'(//g((-oo,/3])), 

(7.5) 

and, in particular, F{{G{z)\*) = F{G{z)) and A/’([G( 2 ;)]*) = N{G{z)). 

(c) Let r G Nq. Then the following statements are equivalent: 

(i) rankG( 2 :) = r for all z ^ C \ (— 00 , ff\. 

(a) There is some zq G C \ (— oo,/3] such that rankG(zo) = r. 

(in) dim[ 7 e( 7 G)+7^(AiG((-oo,/3])] = r. 

Proof, (jaj) This can be concluded from the representation (|7.2I) in Thm. I7.6l[a| . 

(0 According to Rem. l7.7lTbl) . the function F: C\ [—/3,+ 00 ) ^ dehned by 

F{z) := —[G(—z)]* belongs to and (^f^Tf) = where 6 is the 

image measure of pG under the transformation T: (—oo,/3] ^ [—/3,+ 00 ) dehned by 
T{t) := —t. In particular, /3,+ 00 )) = pgH—oo,)!]). Prop. I3.15IT51) yields 

TZ{[F{w)]*) = n{F{w)) = Ti{'^F) + 7^(/iF([-/3,+oo))) and 7\?([F(t(;)]*) = N{F{w)) = 
N{'^f) n A^(/iF([“/3,+ 00 ))) for all tc G C \ [—/3,+oo). We now infer 

n{G{z)) = 7^([F(-z)]*) = 7^(7F) + 7^(MF([-/3, +cx)))) = IZ{^g) + 7^(MG((-oo, /3])) 
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8. Characterizations of the class iSg.(_ooj 3 ] 


and 

■^{G{z)) = Af{[F{-z)]*) = A/'(7f) n A/'(//f([-/3, +oo))) = M{jg) n Af{nG{{-oo, /3])) 

for all z G C \ (—oo,/3]. From Q and (|7.5p we get TZ{[G{z)]*) = TZ{G{z)) and 
AA([G(^)]*)=AA(G(z)). 

(jcj) This is an immediate consequence of (0- Q 

Corollary 7.9. Let /? € M, /et G € 5q.(_oo,/3], and let zq € C \ (— oo,/3]. Then G{zo) = 
Oqxq if and only if G is identieally Oqxq- 

Proof. This is an immediate consequence of Prop. IT.Sij d). □ 

Corollary 7.10. Let /3 G M, let G (z Sq.^_ao,i 3 ], and let X G M be such that the matrix 
'JG + is non-negative Hermitian. Then 

n[G{z) - Xlq) = n{G{w) - Xlq) and M{G{z) - Xlq) = M{G{w) - Xlq) (7.6) 

for all z,w (zC\ [a,+oo). In particular, if X>0, then A is an eigenvalue of the matrix 
G{zq) for some zq € C \ [a, +oo) if and only if A is an eigenvalue of the matrix G{z) 
for all z G C \ [a, +oo). In this ease, the eigenspaces M{G{z) — Xlq) are independent of 
z G C \ [a, +oo). 

Proof. In view of Thm. 17.61 we conclude that the function F: C\ [a,+cx)) — >■ 
defined by F{z) := G(z) — Xlq belongs to <Sg.(_oo^^]. The application of Prop. l7.8lTbl) to 
the function F yields then (17.61) . Since the matrix jg is non-negative Hermitian, we have 
7g + Xlq G if A > 0. Thus, the remaining assertions are an immediate consequence 
of (I7T|. ■ □ 

Now we apply the preceding results to the subclass of Sq.^(^_oo,j3]- 

Remark 7.11. Let /3 G M. From Thm. H.bllai) we see that the class consists of 

all G G <Sg.(_oo,/ 3 ] with 7 g = Oqxq- 

Remark 7.12. Let /3 G M and let G G ^j. In view of Rem. 17.111 and Prop. I7.8l|b]) . 

then N{G{z)) = M{plg{{—oo, jd])) and 7Z(G(z)) = TZ(frGi(—oo, ^])) for all 2 ; G C \ 
(-00,/ 3 ]. 


8. Characterizations of the class <Sq.(_oo,/ 3 ] 

While we have discussed the class _|_oo) in Section m we give here now the corre¬ 
sponding results for the class 5q.(_oo^,3]. 

Proposition 8.1. Let /3 G K, let G: C\ (—oo,/3] be a matrix-valued funetion, 

and let G'^ \ C \ (—oo,/3] —>■ he defined by G^{z) := (/3 — z)G(z). Then G belongs 

to if and only if the following two eonditions hold true: 

(I) G is holomorphie in C\ (—oo,/3]. 
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9. The class Si 


'0,(j;(-oo,/3] 


(II) The matrix-valued functions Rstrn+ G and Rstrn^ G^ both belong to 7^g(n+). 

Proof. According to Rem. 17.li the function G belongs to 5q.(_oo,/3] if and only if the 
function F: C \ [—/3, +oo) —)• dehned by F{z) := —[G(—z)]* belongs to _|_oo). 

Furthermore, G is holomorphic in C \ (— 00 ,/3] if and only if F is holomorphic in C \ 
[—/3,+oo). By virtue of Rem. 12.151 the function Rstrn+ G belongs to 7^q(n_|_) if and 
only if Rstrn+F belongs to Tlq{Il+). Let F^: C \ [—/3, + 00 ) —)■ be dehned by 

F°(z) := {z + /3)F{z). Then 

-[ 0 °(-J)]' = -|(^) + 2)0(-2)|* = {2 + / 3 ){-[G(- 2 r) =r’°(z) 

for all 2; G C \ [—/ 3 , +00). According to Rem. 12.151 hence Rstrn+ G^ belong to 7^q(n+) 
if and only if Rstrn_|. belong to 7^g(n_|_). The application of Prop. 14.31 completes the 
proof. □ 

For each /3 G M, let C/ 3 ^+ := {z G C: Rez > /3}. 

Proposition 8.2. Let /3 G M and let G: C\(—oo,/3] —^ be a matrix-valued function. 

Then G belongs to 5 g.(_oo,/ 3 ] if and only if the following four conditions are fulfilled: 

(I) G is holomorphic in C\ (—oo,/3]. 

(II) ImG( 2 ;) is non-negative Hermitian for all z G 11+. 

(III) —Im. G{z) is non-negative Hermitian for all z G n_. 

(IV) — ReG( 2 ;) is non-negative Hermitian for all z G 

Proof. According to Rem. 17.11 the function G belongs to if and only if the 

function F: C \ [—/3, +00) —>■ dehned by F{z) := —[G{—z)]* belongs to 5q.[_^_+oo)- 

Furthermore, G is holomorphic in C \ (—oo,/3] if and only if F is holomorphic in C \ 
[—/3,+oo). For all z G C \ [—/3,+oo), we have ReF( 2 ;) = — ReG(—z) and ImF( 2 ;) = 
ImG(—z). Hence, 

ImF(n+) = ImG(n+), ImT(n„) = ImG(n_) and ReF(C_/ 3 ,_) = -ReG(C^,+). 
The application of Prop. 14.41 completes the proof. □ 

9. THg cIsss 

In Section [5l we have studied the class 5o^q;[Q,^+oo)- The aim of this section is to derive 
corresponding results for the dual class The following observation establishes 

the bridge to Section [S] 

Remark 9.1. (a) Let a G M, let F G >5o^g;[Q,^+oo)) and let G: C \ (—00, —a] —>■ 

be dehned by G{z) := —[F(— 2 )]*. We have then ||G(i?/)||E = ||F(iy)||E for all 
y G [l,+oo). Taking additionally into account Rem. 17.11 one can see that G 
belongs to 5o,g;(_oo,-a]- 
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9. The class 5o,g;(_oo,/3] 


(b) Let /3 G M, let G € ‘5o,q;(-oo,/3]) let F: C \ [—/?, +cx)) — >■ be defined by 

F{z) := —[G(—z)]*. We have then ||F(i?/)||E = ||G(iy)||E for all y G [1,+cx)). Tak¬ 
ing additionally into account Rem. 17.li one can see that F belongs to <So^q;[_/ 3 _+oo)- 

Theorem 9.2. Let /3 G M and let G: C \ (—oo,/3] —>■ Then: 

(a) If G & ‘5o^q;(_oo,/3]) then there is a unique measure a G A^>((—oo,/3]) such that 

G{z) = j r^o-(di) (9.1) 

J (—00,(3] ^ ^ 

for each 2 : G C \ (—oo,/3]. Furthermore, (t((— oo,,d]) = —ihmj^_>.+oo 7/G(iy). 

(b) If there is a measure a G A4f{{—oo,l3]) such that G can be represented via (19.11) 
for each 2 ; G C \ (—oo,/3], then G belongs to the class 5o^q;(_oo,,3] • 

Proof. Q According to Rem. I9.1l1bl) . the function F: C\ [—/3, -|-oo) —)• dehned by 

F{z) := —[G(— 2 )]* belongs to 5o^g;[_^^+oo)- Thm. I5.ir[ai) yields then the existence of a 
unique non-negative Hermitian measure r G Af>([—,5, + 00 )) such that 

F{z) = j (9-2) 

for all 2 G C \ [—/3, + 00 ). Using Prop. IA.51 we now infer 

G{z) = -[F(-2)]* = f 

J[—j3,+oo) ^ Z J (—00,(3] ^ 

for all 2 G C \ (—00,(0], where a is the image measure of r under the transformation 
R: [—,0,-)-oo) —>■ (—00,(0] defined by R{t) := —t. Since Prop. 15.31 yields r([—,0,-)-oo)) = 
—ilimy^_l_oo yF(iy), we conclude furthermore 

cr((-oo,/3]) = [cr((-oo,/?])]* = [r([-/3,-hoo))]* = i liin y[F(iy)]* = -i lim yG{iy). 

y^+cxD t/—>-+00 


Now let a G ,0]) be such that (19.ip holds true for all 2 G C\ (— 00 , /3]. Using 

Prop. IA.51 we get then 


F(z) = -[G{-z)]* = [ —^^(dt) = [ T^m) 

J(—00,0] ^ J[—0,-\-oo) ^ 


(9.3) 


for all 2 G C \ [—,0,-|-oo), where 6 is the image measure of a under the transformation 
T : (- 00 ,( 0 ] —>■ [— (0,-|-oo) dehned by T{f) '■= —t. Since we know from Thm. 15.1 flap that 
the measure r G Al>([— ,0, + 00 )) with (19.21) for all 2 G C \ [—jd, -|-oo) is unique, we obtain 
0 = T. Hence, a is the image measure of r under the transformation R. 

Let a G A4>((— 00 ,,0]) be such that (19.ip holds true for all 2 G C \ (— oo,/0]. 
Thus, in view of Prop. IA.51 the function F: C\ [—,0,-|-oo) ^ dehned by F{z) := 
— [G(— 2 )]* fulhlls (19.31) for all 2 G C \ [— /3,-|-oo), where 9 is the image measure of a 
under the transformation T. Thm. l5.1l|bP yields then F G 5o^q;[_/3^+oo)- Because of 
G( 2 ) = —[F(— 2 )]* for all 2 G C\(—oo,(0], the function G belongs to <So^q;(_(X), ( 3 ] by virtue 
of Rem. EHjaj). □ 
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10. Moore-Penrose inverses of functions belonging to the class 

If /3 G M and cr is a measure belonging to oo,/3]), then we will call the matrix¬ 
valued function G: C\ [a,-|-oo) ^ which is, for each 2 ; G C \ (—oo,/3], given by 

(19.11) the {— 00 , /3]-Stieltjes transform of a. If G G <5o^g;(_oo,/3]) then the unique mea¬ 
sure a G 00 ,/3]) which fulfills (|9.ip for each 2 ; G C \ (—oo,/3] is said to be the 

{— 00 , fl]-Stieltjes measure of G and will be denoted by ctg- 

Remark 9.3. (a) Let a G M and let F G ‘5o^g;[Q,+oo)- view of Thm. [5?T] and Prop. IA.51 

we have then 



for all 2 ; G C \ (— 00 , — a], where 9 is the image measure of ap under the transfor¬ 
mation R: [a,-|-oo) —^ (— 00 ,—a] defined by R{t) := —t. Thm. yields then that 
G: C \ (— 00 ,—a] —7> defined by G{z) := —[T(— 2 )]* belongs to 5o^g;(_oo,-a] 

and that ctg = 9. 

(b) Let /3 G M and let G G ‘5o^q;(_oo,/3]- hi view of Thm. 19.21 and Prop. IA.5[ we have 


then 



for all 2 G C \ [— /3, +00), where 9 is the image measure of cjg under the transfor¬ 
mation T : (—00, /3] —>■ [—/3, -|-oo) defined by T{f) := —t. Thm. 15.11 yields then that 
F: C\ [—/3,-|-oo) —>■ defined by F{z) := —[G(— 2 )]* belongs to iSg _|_oo) 
and that ap = 9 . 

Proposition 9.4. Let /3 G M and let G G >So o-f-oo fll- Then TZiGlz)) = 7^(cjg((— 00 ,/3])) 

a„d W)) = VGg((- 0O,/31))/»r „H . e C \T-».;31. 

Proof. According to Rem. 1231®, the function F: C\ [-/3,-|-oo) ^ defined by 

F{z) := —[G(— 2 )]* belongs to 5o^g;[_^^+oo) and ap is the image measure of ctg un¬ 
der the transformation T: (—oo,/3] ^ [—/3,-|-oo) defined by T{t) := —t. In particular, 
cri?([— /?,-|-oo)) = crG'((— 00 ,/?]). Prop. 1531 yields TZ{F{w)) = TZ{ap{[—f3,+ 00 ))) and 
Af{F{w)) = AA(cri?([—/3,-l-oo))) for all tc G C \ [—/3,-|-oo). Furthermore, 7l{[F{w)]*) = 
7l{F{w)) and A/’([F(ui)]*) = A^(F(r(;)) follow for all rc G C\[—/?,-|-oo) from Prop. lTT5T® . 
Finally for all 2 G C \ (— 00 , /?], we infer 


7e(G(2)) = 7^([F(-2)]*) = 7^(F(-2)) = 7^(^7^([-/3,+cx,))) = 7^(^7G((-oo,/3])) 


and 


AA(G( 2 )) = AA([F(- 2 )]*) = A^(F(- 2 )) =Ar(a^([-/3,+cx,))) = AA(ug((-oo,/3])). □ 

10. Moore-Penrose inverses of functions belonging to the 


class 

This section is the dual counterpart to Section [6l 
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10. Moore-Penrose inverses of functions belonging to the class 


Proposition 10.1. Let /3 G M and let G € Then is holomorphic in 

C \ (- 00 ,/3]. 

Proof. In view of Prop. I7.8I|E]) . we obtain the identities M{G{z)) = M{G{\)) and 
Tl.{G{z)) = 7^(G(i)) for all 2 ; G C \ (—oo,/3]. Thus, the application of [151 Prop. 8.4] 
completes the proof. □ 

Let /3 G M and G G Then Lem. 110.11 suggests to look if there are functions 

closely related to G"^ which belong again to Against to this background, we 

are led to the function F: C \ (—oo,/3] —^ defined by F{z) := —(/3 — z)~^[G{zy\^. 

Theorem 10.2. Let /3 G M and let G G 5 q.(_oo^y3]. Then F: C\(—oo,/3] —>■ defined 

by F{z) := -{fi - z)~^[G{zy\^ belongs to 5,;(_oo,/3]- 

Proof. According to Rem. 17.11 the function P: C\ [—/3,+ 00 ) —>■ defined by 

P{z) := —[G(—z)]* belongs to Thm. 16.31 yields then that the function 

Q: C\ [—/?,+ 00 ) defined by Q{z) := —{z + l3)~^[P{zy\^ belongs to as 

well. We now infer 

- m-n' = +/3)"'(-i;='(-j)i*)* = -w - 2)-'(-[^’(-^)l')* = n^) (lo.i) 

for all 2 ; G C \ (— 00 , j3\. Hence, F G ‘Sg;(-oo„S] by virtue of Rem. 17.11 □ 

Now we specify the result of Thm. lin.2l for functions belonging to >So^g;(_oo,/ 3 ]' 

Proposition 10.3. Let /3 G K and let G G g.(_ooj 3 ]. Then F: C\ (— oo,/3] —>■ 
defined by F{z) := -{j3 - z)~^[G{z)\^ belongs to <Sg.(_oo,/ 3 ] and jp = [<tg((-oo,/3])]'''. If 
G is not the constant function with value Oqxq, then F G <Sq.^(^-oo,(3] \‘So,q-,{-oo,/3]- 

Proof. According to Rem. l9.3lTbl) . the function P: C\ [—/3,+ 00 ) —)• defined by 

P{z) := —[G(—z)]* belongs to and ap is the image measure of ac un¬ 
der the transformation T: (—oo,/3] —>■ [—/3,-|-oo) defined by T(t) := —t. In par¬ 
ticular, cjp([—/?,-|-oo)) = cjg((— 00 ,/3]). Prop. 16.41 yields that the function Q:C\ 

[—/3,-|-oo) —>■ defined by Q{z) := — ( 2 ;-|- /3)“^[P(2:)]^ belongs to that 

7 q = [(Tp([—/3,-|-oo))]^, and that Q ^ if P is not the constant function with 

value Oqxq- Furthermore, we have (llO.ip for all 2 ; G C \ (—oo,/?]. Hence, F G ‘5g.(_oo y 3 ] 
and 7 p = 7 q by virtue of Rem. I7.7l[ai) . We now infer 7 p = [(Tg((— 00 ,/3])]^. From (110.11) 
we conclude Q{z) = —[F(—z)]* for all 2 ; G C \ [—/3,-|-oo). Since G ^ Oqxq implies 

P ^ Oqxq, the proof is complete in view of Rem. I9.1l|bl) . □ 

Now we introduce the dual counterpart of the class introduced in Notation 16.51 

Notation 10.4. Let /3 G M. Then let be the class of all matrix-valued functions 

G: C \ (—oo,/3] —7> which fulfill the following two conditions: 

(I) G is holomorphic in C \ (—oo,/3] with Rstrn+ G G 7^g(n+). 
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10. Moore-Penrose inverses of functions belonging to the class 


(II) For all X G (/3,+oo), the matrix G(x) is non-negative Hermitian. 

For the special case g = 1 and /3 = 0 the class introduced in Notation IIP.41 was studied 
by Katsnelson |18) . 

Example 10.5. Let /? G R and let D,E G Then G: C\ (—oo,/3] —>■ defined by 

G{z) := D-{P- z)E belongs to 
Remark 10.6. Let a,/3 G R. Then: 

(a) If T G then G \ C \ (—oo, /3] —>■ defined by G{z) := — [T(a 4-/3 — z)]* 

O'? [Q;,-)-ooj 

belongs to a,. 

to g;(-oo,/3] 


(b) If G G then T: C \ [a, +oo) ^ defined by F{z) 

belongs to <s'-^!+oo)- 


-[G(a + /3-z)]* 


Theorem 10.7. Let /3 G R and let G: C \ (—oo,/3] —^ . Then: 

(a) If G G then there are unique non-negative Hermitian complex qx q ma¬ 

trices D and E and a unique non-negative Hermitian measure p G A4>((— oo,/3)) 
such that 


Giz) = D + i/3 


-E + 


'(-oo,/3) 


1 p fl — t 

t — Z 


p{dt) 


( 10 . 2 ) 


for all z G C\(—oo,/3]. Furthermore, the function Q: C\(—oo,/3] —>■ defined 

by Q{z) := (/3 — z)~^G{z) belongs to <Sq.(_oo,/ 3 ] with D = PQ{{f3}) and {E,p) = 
(7Q,Rstr®(_^_^) Pq). 


(b) If D G , E G and p G AI>((—oo,/3)) are such that G can be represented 
via ()10.2I) for all z gC \ (—oo,/3], then G belongs to 

Proof, (jaj) Let G G According to Rem. [TOM . the function F: C \ 

[—/3,-|-oo) —)■ defined by F{z) := —[G(—T)]* belongs to . Thm. IG.lOllai) 

yields then that there is a unique triple {M,N,oj) from x x A4>((—/3,-|-oo)) 
such that F(z) = —M+{z+j3)[N+j^_i^ _|_^^(l-|-t-|-/3)/(t— 2 :)a;(dt)] for all z G C\[—/3,-|-oo) 
and that the function P: C\ [—/3,-|-oo) —)■ defined by P{z) := {z P fI)~^F{z) be¬ 

longs to 5q.[_^_+oo) with M = pp{{-/3}) and {N,uj) = (yp, Rstr*B(_^ pp). Applying 
Prop. IA.5I we now infer 


G{z) = -[Fi-n* = M-{-zPf3) 
= Mpil3-z) -Np f 
= Dp{l3-z) -Ep 


Np 


1 P t P fl 


'(-/3,+oo) 


'{-/3,+oo) t + Z 

fpP— (—t) ... 

-U![dt) 


Lj{dt) 


—t — z 


'{-ooP) 


1 p p — t 
t — z 


p{dt) 
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10. Moore-Penrose inverses of functions belonging to the class 


for all z € C \ (— 00 , /3], where D := M, where E := and where p is the image measure 
of u under the transformation Rq \ (—/3,+ 00 ) ^ (—oo,/3) defined by Ro{t) := —t. The 
function Q fulfills Q{z) = —[P(—z)]* for all z € C\(— 00 ,/?]. Rem. ITTriai) yields then Q € 
<Sg;(_oo,/ 3 ] with 7 q = 7 p and pq being the image measure of pp under the transformation 
R: [—/3,+oo) —>■ (—oo,/3] defined by R{t) := —t. Hence, D = M = pp{{—f3}) = 
PQ{{f3}) and E = N = jp = jq follow. Furthermore, Rstr 3 ^_^ /xq is the image 
measure of Rstr®^_^ pp under the transformation Rq, implying p = Rstr®j_^ pq. 
In particular, the triple {D, E, p) is unique. 

dbl) Let D,E ^ and let p G Ad>((— 00 ,/3)) be such that (|in.2l) holds true for all 
z € C \ (— 00 , /3]. LeiT F: C \ [—/3, + 00 ) —)■ be defined by F{z) := —[G(—z)]*. Then, 
using Prop. IA.51 we get 


F(z) = -[G{-n* = -D-il3 + z) 
= -D + {z + /3) E+ f 
= -D + iz + /3) E + 


-E + 


'{- 00 , 0 ) 


1 (3 — t 

t + z 


p{dt) 


f l-t + (3 

(-00,/ 3 ) —t — Z 

f 1 + t + /3 


/(-/ 3 ,oo) 


t — Z 


p{dt) 

9{dt) 


for all z G C \ [—/3,+oo), where 9 is the image measure of p under the transforma¬ 
tion To: {—00,(3) —>■ (—/3,-|-oo) defined by To{t) := —t. Thm. I6.10l|bl) yields then 
F G In view of G{z) = —[T(—z)]* for all z G C \ {— 00 , (3], hence G be¬ 
longs to by virtue of Rem. llO.bllai) . □ 

In the following, if /3 G M and G G are given, then we will write {Dg, Eq, pc) 

for the unique triple {D, E, p) G x x A4>((— 00 , (3)) which fulfills (110.21) for all 
z G C \ (— 00 , (3], 

Remark 10.8. (a) Let a G M and let F G In view of Thm. lO.lOlfaj) and 

Prop. IA.51 we have then 


-[T(-z)]* = Dp - (-Z - a) 
= Dp -|- {—a — z) 
= Dp -|- {—a — z) 


Ep + 

—Ep + 

—Ep + 


1 + t — a 


(q,+oo) t -|- Z 

I" 1 — a — {—t) 

(a,+00) ^ Z 


PF{dt) 

Pridt) 


'{-CO,-a) 


1 — a — t 
t — z 


9{dt) 


for all z G C \ (— 00 , — a], where 9 is the image measure of pp under the transfor¬ 
mation Rq: (a, -|-oo) —>■ (— 00 ,—a) defined by Ro{t) := —t. Because of Dp G 
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10. Moore-Penrose inverses of functions belonging to the class 


and Ep G T hm . 110.71 yields then that G: C \ (— 00 , —a] —defined by 

G{z) := -[F{-z)]* belongs to and that {Dg,Eg,Pg) = {Dp^Ep^e). 

(b) Let /3 G M and let G G ^]- In view of Thm. llO.Tflai) and Prop. lA.Si we have 

then 


-[G(-T)]* 


Dg-{^ + z) 

—Eg + 



J (—oo,/ 3 ) t p Z 

Dg + {z + /?) 


f l-t+B , 

Eg + 

. pcidt) 

{-00,p) * z 


.1 

Dg + {z + (5) 

Ea + J 

{—/ 3 ,+oo) ^ Z 


for all 2 ; G C \ [—/3,+oo), where 6 is the image measure of pG under the transfor¬ 
mation Tq: {—00,15) —>■ (—/3,-|-oo) defined by To(t) := —t. Because of Dg G 
and Eg G Thm. 16.101 yields then that F: C \ [—(5, -|-oo) —)> defined by 

•= -[G'(-^)]* belongs to and that {Dp,Ep,pp) = {Dg,Eg,0). 

Corollary 10.9. Let /3 G M. Then G: C \ (—oo,/3] —>■ belongs to if and 

only if Q: C\ (—oo,/3] —>■ defined by Q{z) = (/3 — 2 ;)“^G( 2 ;) belongs to 5q.(_cx3,/3]- 

Proof. From Rem. 110.81 we conclude that G belongs to if and only if T: C \ 

[—/3,-|-oo) —^ defined by F{z) := —[G(—z)]* belongs to . Cor. 16.111 

yields that F belongs to if and only if P: C \ [—/3,-|-oo) —>■ defined by 

P{z) = {z + l5)~^F{z) belongs to 5q.[_^^_|_oo)- Since Q{z) = —[P(—T)]* holds true for all 
2 ; G C \ (—oo,/3], we see by virtue of Rem. 17.71 that P belongs to if and only 

if Q belongs to 5 q.(_oo,/ 3 ]; which completes the proof. □ 

Corollary 10.10. Let /3 G M and let G G For all xi,X 2 G (/3,+ 00 ) with 

xi < X 2 , then Ogxq < G{xi) < G{x 2 ). 

Proof. Using Thm. 110.71 we obtain G(x 2 ) —G(xi) = {x 2 — xi){Eg+ j(^-oo p]\.^^F(5 — t){f5 — 
^)]/[(^ “ X 2 ){t — xi)]/9G(dt)) for all xi,X 2 G (/3, -|-oo) with xi < X 2 , by direct calculation. 
Since Eg G and G(x) G for all x G (/3, + 00 ), thus the proof is complete. □ 


Proposition 10.11. Let /3 G M and let G G 5^. (^00 Then: 

(a) // 2 ; G C \ (— 00 , /3], then [G( 2 ;)]* = G(T). 


(b) For all z ^ C \ (— 00 ,/3], 


n{G{z)) = n{DG) + n{EG) + p(pg((-oo, /?))), ( 10 . 3 ) 

M{G{z))=M{DG)PM{EG)fiM{pG{{-^,m. (10.4) 
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10. Moore-Penrose inverses of functions belonging to the class 


and, in particular, TZ{[G{z)]*) = TZ{G{z)) and A/’([G(z)]*) = N{G{z)). 

(c) Let r G Nq. Then the following statements are equivalent: 

(i) rankG( 2 ;) = r for all z & C \ (— 00 , /3]. 

(ii) There is some zq € C \ (—oo,/3] such that rankG(zo) = f- 
(in) dim[7e(L»G) +'JZ{Eg) +TZ{pg{{-oo, (5)))] = r. 

Proof, (jaj) This can be concluded from the representation (I10.2p in Thm. I10.7llai) . 

According to Rem. llO.Slfbl) . the function F: C\ [—/?,+ 00 ) —>■ defined by 

F{z) := -[G(-z)]* belongs to and {Df,Ef,Pf) = {Dg,Eg,9), where 9 is 

the image measure of pG under the transformation Tq : (— 00 , /3) —>■ (— /3, + 00 ) defined 
by To{t) := —t. In particular, pf{{—/3,+oo)) = pg{{—oo, (3)). Prop. l6.14lTbl) yields 
7^([FH]*) = n{F{w)) = n{DF)+n{EF) + 7^(pir((-/3,+oo))) and M{[F{w)]*) = 
Af{F{w)) = ^{Df) ^^^{Ef) n A/’(/9 _f((—/3, + 00 ))) for all rc G C \ [—/?, + 00 ). We infer 

n{G{z)) = 7^([F(-z)]*) = n{DF) + n{EF) + n{pF{{-^, +^))) 

= n{DG) + n{EG) + n{pG{i-oo, m 

and, analogously, J\f{G{z)) = J\f{DG)fiN'{EG)r\J\f{pGii—oo,l3))) for all 2 ; G C\(— oo,/3]. 
In view of (jaj), part (|Q is proved. 

(jcj) This is an immediate consequence of (0. □ 

Corollary 10.12. Let /3 G M, /et G G CLnd let zq € C \ (—oo,/3]. Then 

G(2;o) = Oqxq if and only if G{z) = Oqxq for all z & C \ (—oo,/3]. 

Proof. This is an immediate consequence of Prop. llU.llI fcj). □ 

Corollary 10.13. Let /3 G M, let G ^ ‘^i} (-oo/?]’ /et A G M be such that the matrix 
Dg — \Iq is non-negative Hermitian. Then 

n{G{z) - XLq) = n{G{w) - XLq) and N{G{z) - XLq) = N{G{w) - XLq) (10.5) 

for every choice of z and w in C \ (— 00 ,/?]. In particular, if X < 0, then X is an 
eigenvalue of the matrix G{zo) for some zq G C\(—oo,/3] if and only if X is an eigenvalue 
of the matrix G{z) for all 2 ; G C \ (—oo,/3]. In this case, the eigenspaces M{G{z) — Xlq) 
are independent 0 / 2 ; G C \ (—oo,/3]. 

Proof. In view of Thm. 110.71 we conclude that the function F: C\ (—oo,/3] —>■ 
defined by F{z) := G(z) — Xlq belongs to The application of Prop. I10.11I|E1) 

to the function F yields then (jl0.5p . Since the matrix Dg is non-negative Hermitian, 
we have Dg — Xlq G if A < 0. Thus, the remaining assertions are an immediate 

consequence of (|10.5I) . □ 

Lemma 10.14. Let /3 G M and G G Then G^ is holomorphic in C\ (— oo,/3]. 
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Proof. In view of formulas (|10.3I) and (|10.4I) . we obtain M{G{z)) = N'{G{\)) and 
TZ{G{z)) = 7^(G(i)) for all z G C \ (— 00 ,/3]. Thus, the application of [151 Prop. 8.4] 
completes the proof. □ 

The following result is an analogue of Thm. 16.181 

Theorem 10.15. Let /3 G M and G: C \ (—oo,/3] be a matrix-valued function. 

Then G belongs to if and only if F := —G^ belongs to <Sg.(_oo,/ 3 ] ■ 

Proof. From Rem. 110.81 we get that G belongs to if and only if Q: C \ 

[—/3,+oo) ^ dehned by Q{z) := —[G(—z)]* belongs to Thm. 16.181 

yields that Q belongs to if and only if P := —Qf belongs to Since 

F{z) = —[P{—z)]* is true for all 2 ; G C \ (—oo,/3], we see from Rem. 17.71 that P belongs 
to if and only if F belongs to which completes the proof. □ 

A. Some considerations on non-negative Hermitian 
measures 

In this appendix, we summarize some facts on integration with respect to non-negative 
Hermitian measures. For each non-negative Hermitian q x q measure /r = {g-jkYj]^=i on 
a measurable space (H,2l), we denote by 21, ;u; C) the set of all 21-iBc-measurable 

functions f: Ll ^ C such that the integral J^fdg exists, i.e. that J^\f\dfijk < 00 for 
every choice of j, k G Zi,g, where gjk is the variation of the complex measure gjk. 

For each A G let tr A be the trace of A. 

Remark A.l. Let be a non-negative Hermitian measure on a measurable space (H,2t), 
let r := tr/r be the trace measure of /i, and let /: H —>■ C be an 2t-iBc-measurable 
function. Then / belongs to 21,/r; C) if and only if / belongs to 21, r; C). 

Remark A.2. Let /r be a non-negative Hermitian qx q measure on a measurable space 
(H,2t) and let u G Then v := u*fiu is a hnite measure on (H,21) which is absolutely 
continuous with respect to the trace measure of g. If / belongs to 21,/r; C), then 

J^\f\du < 00 and 4 fdu = u*(f^ fdg)u. 

Remark A.3. Let g he a non-negative Hermitian q x q measure on a measurable space 
(H,2t). An 21-2Sc-measurable function / : H ^ C belongs to 21,/r; C) if and only if 
J^\f\d{u*gu) < 00 for all u G O. 

Lemma A.4 (cf. |111 Lem. B.2]). Let (H,21) be a measurable space, let a be a non¬ 
negative Hermitian qx q measure on (H,21), and let r be the trace measure of a. Then: 

(a) If f € 21,fj;C), then 7Z(f^fda) C 7Z(a(fi)) and M{a{Ll)) C M{J^fda). 

(b) If f £ 21,fj;C) fulfills t({/ ^ (0,-|-oo)}) = 0, then 7Z(f^fda) = 77.((t(H)) 

and J\f(a(Q)) = Af{f^fda). 
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Proposition A.5 ( [12[ Prop. B.l]). Let (Q,2l) and (0,5^) be measurable spaces and let 
g be a non-negative Hermitian q x q measure on (0,21). Further, let T: Ll ^ Ll be an 
^-^-measurable mapping. Then T(/i): ^ defined by [r(|u)](A) := iJ,{T~^{A)) 

is a non-negative Hermitian q x q measure on (0,21). Furthermore, if f: Ll —>■ C 
is an -measurable mapping, then f G i2^(0,21, T(/r); C) if and only if f o T G 

/:i(0,2l,^;C). If f belongs to ^^(O, a, T(^); C), then J^fd[T{g)] = /y_i(^)(/o r)d/r 

for all A G 5^. 

Proposition A. 6 (Lebesgue’s dominated convergence for non-negative Hermitian mea¬ 
sures). Let jjL be a non-negative Hermitian q x q measure on a measurable space (0,21) 
with trace measure r. For all n G N, let fn- LI ^ C be an -measurable fune- 

tion. Let / : O — ?> C be an 2l-2Sc -measura6/e function and let g G £^(0,21, /u; C) be such 
that lim„_>._|_oo/„(a;) = f{uj) for r-a. a. a; G O and that \fn{uj)\ < |( 7 (w)| for a// n G N 
and T-a.a. w G O. Then f G £^(0,21,/r;C), fn G £^(0,21,/r;C) for all n G N, and 
lim^^+oo /q fndg = fdfi. 

Proof. Let u & and let i' := u*gu. According to Rem. lAI^ then is a finite measure on 
(0,21) which is absolutely continuous with respect to r and ^^\g\di' < oo. In particular, 
liiUn^^oo fn{uj) = f{uj) for u-a. a. cj G O and \fn{uj)\ < \g{uj)\ for all n G N and u-a.a. 
U! £ LI. Thus, Lebesgue’s dominated convergence theorem provides us J^\f Idv < oo, 
ffilfnldv < OO for all n G N, and lim„_^+oo Jq fndv = Jq fdiy. Since u G was 
arbitrarily chosen, / G /1^(0,21,/r; C) and fn G /1^(0,21,/r; C) for all n G N follow by 
virtue of Rem. IA.3I Thus, using Rem. IA.2I we get lim„_>.+c« '^*ifn fndtr)u = u*{f^ fdfi)u 
for all u G C^. Hence, lim„_^+oo/Q fndg = fdfi holds true. □ 

Remark A.7. If A G is such that ImA G then M{A) C A7(ImA) (see, 

e.g. dni Lem. A.10]). 

Lemma A. 8 . Let LI be a non-empty closed subset of M, let a G A4>(0), and let r be 
the trace measure of a. Then: 

(a) For each w £ C\L1, the function g^,: 0 —?■ C defined by gw{t) ■= l/(t — w) belongs 
to £^( 0 ,QSn,o-;C). 

(b) The matrix-valued function S: C\Ll ^ given by S{w) := f^g^da satisfies 

IZ{S{z)) = IZ{(T{Lt)) and, in particular, rankS'( 2 ;) = rank(T(0) for each 2 ; G C \ 
[inf 0 , sup 0 ]. 

(c) -i\im.y_,+ocyS{iy) = cr(0). 

Proof. Part (jaj) is readily checked. In particular, the function S is well defined. Let 
z £ C \ [inf 0, sup 0]. From Lem. lA.dllaj) we get then 

n{S{z)) = n(^J^g,da^ c 7^(a(0)). 

Thus, in order to prove part (|E|, it remains to verify that TZ(a{Ll)) C TZ{S{z)), i. e., that 

Af{S*iz)) cM{a{Ll)) (A.l) 
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is true. Part (jaj) implies 

For each ten, one can easily check the equations 
t — z 


9zit) = 


\t — z 


2 ’ 


f — ^ Tm 

= 1 -[ 2 ’ 

\t — z\ \t — z\ 


(A.2) 


(A.3) 


First we consider the case that z belongs to 11+. In view of Im(—iS'*(z)) = ImS'(z) = 
Ini(^^dcj and (IA.3I) . we see that the matrix Im(—S'*(z)) is non-negative Hermitian. 
Rem. IA.7I and ()A.3I) yield then 


A7(5*(z)) =A7(-5*(z)) c A7(Im(-5*(z))) =Ar( j Img.da 


(A.4) 


From ()A.3I) we know that T{{lm.gz € (—oo,0]}) = r(0) = 0. Taking into account (IA.2I) 
and Lem. lA.dlfbl) . then 

[ Img^dfj) =A7 ((t(H)) (A.5) 




follows. Combining (IA.4p and ()A.5D we obtain (jA.ip . 

Now we study the case that z belongs to n_. By virtue of 


Im5*(z) = — ImS'(z) = / {—\mgz)da 


(A.6) 


and ()A.3p . the matrix ImS'*(z) belongs to Hence, Rem. I A. 71 and ()A.6P yield 


A/’(5*(z)) C A/’(ImS'*(z)) = AA( / (—Img( 2 )dcT ). (A.7) 

In 


Because of ()A.3p . we have r({—Im^^ G (—oo,0]}) = t(0) = 0. Thus, using ()A.2p and 
Lem. IA.4l|bl) . we have Im( 72 )d(T) = A/’((t(H)). Taking into account (IA.7I) . this 

implies (lA.ll) . 

Now we discuss the case that inf H > —oo and that z G (—oo, inf H). In view of t G H 
and ()A.3p . we have then r({^ G (—oo,0]}) = r(0) = 0. Since one can see from part (jaj) 
that ^ belongs to IBq, a; C), application of Lem. IA.4lTbl) provides us then 


AA(5*(z)) = A7( / fif^dcT ) = A/'(fT(H)). 
In 


Hence, ()A.ip is valid. Similarly, in the case that supH < -|-oo and z G (supH, -|-oo) hold, 
we get that ()A.1I) is fulfilled. Thus (jA.ll) is verified for each z G C \ [inf H, sup H]. 

(jcj) For each y G (0, -|-oo) and each t G H, we have Re((—iy)/(f — iy)) = y‘^/{t^ y^), 

Im((—iy)/(t — iy)) = —yt/{t^ y^), and |(—iy)/(t — iy)| < 1. From Prop. IA.6I we obtain 

then 


cr(H) = / Idcr = lim / - ^a{d.t) = —i lim ySiiy). 

Jn y^+oo J^t — ly y^+oo 


□ 
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